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Abstract 

We perform the first major study of associative submanifolds in the 7- 
sphere <S^, which are minimal 3-dimensional submanifolds associated with 
the natural G2 structure on 5^. We classify the associative 3-folds which 
arise as group orbits and those with constant curvature. We also describe 
the associative 3-folds satisfying the curvature condition known as Chen's 
equality using the theory of ruled associative 3-folds. Finally, we pro- 
duce iS^-families of non-congruent isometric associative submanifolds in 
5^ satisfying Chen's equality from general minimal 2-spheres in iS". 

1 Introduction 

Associative submanifolds of the 7-sphere S'^ are 3-dimensional minimal sub- 
manifolds which are related to the G2 structure that 5^ naturally inherits from 
the standard Spin(7) structure on R®. They were introduced by Harvey and 
Lawson in [25] in their seminal work on calibrated geometries. 

Examples of associative 3-folds in 5^ are provided by well-known classes of 
submanifolds, including Lagrangian submanifolds of the nearly Kahler 6-sphere, 
Hopf lifts of holomorphic curves in CP"^ and minimal Legendrian submanifolds 
of 5''. Associative submanifolds of 5^ are the links of Cayley cones and are 
thus important in the study of singularities of Cayley submanifolds, which are 
calibrated 4-dimensional submanifolds of Spin(7) manifolds. Understanding sin- 
gularities of Cayley 4-folds will be essential in any proposed construction of a 
Cayley fibration of a compact Spin(7) manifold. 

In this article we perform the first major study of associative submanifolds 
of the 7-sphere. We begin in ^ by discussing G2 structures and, specifically, 
the G2 structure on 5^. This allows us, in Sj3l to define associative submanifolds 
in iS^. We describe the basic properties of these submanifolds and discuss their 
connection with other geometries. In fJH we derive the structure equations for 



associative submanifolds in 5^, which will be invaluable for later sections. 

Our first major results, proved in fj5l classify the associative 3-folds in 5^ 
which arise as orbits of closed 3-dimensional Lie subgroups of Spin(7) as follows. 

Theorem 1.1 Let A be a connected associative 3- fold in S"^ which is the orbit 
of a closed 3-dimensional Lie subgroup of Spin(7). Suppose further that A does 
not lie in a totally geodesic . Then, up to rigid motion, A is either 

(a) Ai ^ U(l)"^ given by Example \5.4\ 

(b) A2 ^ SU(2)/Z3 given by Examvle \5.9\. or 

(c) A3 ^ SU(2) given by Examvle [5A(X 

Note The example A^ is novel and does not arise from other known geometries. 

Theorem 1.2 Let A be a connected, non-totally geodesic, associative 3-fold in 
S'^ which lies in a totally geodesic . Suppose further that A is the orbit of a 
closed 3-dimensional Lie subgroup of G2. Then, up to rigid motion, A is either 

(a) Li = Sp(l) given by Examvle \5.12\ 

(b) L2 = S0(3) given by Examvle \5. 131 or 

(c) L3 = S0(3)/ A4 or L4 = SO(3)/S3 given by Example \5.14\ 

Since the subgroup of Spin(7) fixing a real direction in is isomorphic to G2, 
if A is a homogeneous associative 3-fold in 5^ lying in a totally geodesic S^, 
then it arises as the orbit of a subgroup of G2. 

Note Theorem 11.21 is essentially due to Mashimo [55] . 

In we study various natural curvature conditions which allow us to prove 
rigidity results for associative submanifolds in 5^. In particular, we classify the 
associative 3-folds with constant curvature. 

Theorem 1.3 Let A{k) be a connected associative 3-fold in 5^ with constant 
curvature k. Then either k ^ 0, k ^ or n = 1. Moreover, up to rigid 
motion, A{1) = Aq given by Example I5.il A(0) = Ai given by Example \5.4\ 
and j4(rji^) = L3 C iS^ given by Example \5.14\ 

So that we may study Chen's equality, which is a curvature condition for 
minimal submanifolds of spaces with constant curvature, in ^J7] we review and 
build upon the analysis of associative submanifolds which are ruled by oriented 
geodesic circles in 5 using techniques in [19] . We can summarise the key results 
we need in the following corollary of (THl Proposition 2.1 & Theorem 7.8]. 
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Theorem 1.4 Let A be an associative submanifold in S"^ which is ruled by 
oriented geodesic circles. Then either 

(a) A is the Hopf lift of a holomorphic curve in CP^ or 

(b) A is constructed from a minimal surface E in and a holomorphic curve 
T in a CF^ -bundle <-f (S) over S as in Example \ 7. 6] 

In Theorem ll.4f b) , the holomorphic curve F defines an immersion of S in 
the space C of oriented geodesic circles in 5^ as a pseudoholomorphic curve with 
respect to a Spin(7)-invariant almost complex structure. This viewpoint allows 
us to identify a distinguished class of pseudoholomorphic curves in C, which we 
call linear curves, and enables us to prove the following in SjS] 

Theorem 1.5 Let A be an associative submanifold in S'^ which satisfies Chen's 
equality. Then either 

(a) A is the Hopf lift of a holomorphic curve in CP^ or 

(b) A is constructed from a minimal surface E in as in Example \7.6\ where 
E is isotropic and the pseudoholomorphic lift of T, in C is linear. 

Finally, in ^ we consider the problem of finding Riemannian 3-manifolds 
which admit families of isometric embeddings as associative submanifolds in 
. Using the well-developed theory of minimal 2-spheres in S^, we prove the 
following interesting result. 

Theorem 1.6 Given a non-constant curvature minimal in , there exists 
a Riemannian 3-manifold {A,gA), which is an -bundle over , and an S^- 
family of non-congruent isometric associative embeddings of {A,gA) inS'^ which 
satisfy Chen's equality. 

Since there are a large number of minimal 2-spheres in S^, this provides many 
examples of families of isometric associative submanifolds of 5^. Moreover, there 
is a Weierstrass representation for such minimal 2-spheres by [2] , [10] , [11] , and 
thus for the resulting isometric associative submanifolds. 

2 The G2 structure on 

The key to defining associative submanifolds of the 7-sphere is to introduce a 
G2 structure on 5^, which is induced by the standard Spin(7) structure on M*. 
We begin by defining distinguished differential forms on and R^. 
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Definition 2.1 Let R'^ have coordinates {xi, . . . , Xr) and let have coordinates 
{xo, . . . , X7). For convenience we denote the form dXiAdxj A. . .Adxk by dxjj.../j. 
Define a 3-forni ip^ on by: 

IPO = dXi23 + dXi45 + dxi67 + dX246 - dX257 - dX347 - dxsse- 

Note that the Hodge dual of ifo is: 

*ipO = dX4567 + dX2367 + dX2345 + dxi357 - dxi346 - dxi256 - dxi247- 

Define a 4-form $0 on by: 

$0 = dxoi23 + dxoi45 + dxoi67 + dxo246 - dxo257 - dxo347 - dxo356 

+ dx4567 + dx2367 + dx2345 + dxi357 - dxi346 - dxi256 " dxi247- 

Notice that $0 is self-dual and that if we decompose = M © M'' then 

$0 = dxo A <^o + *V>o- (1) 

If we instead identify with such that the coordinates {zi,Z2,Z3,Z4) on 
are related to the real coordinates on by zi = xq + ixi, Z2 = X2 + ixs, 
Zs = Xii + ix^, Z4 = xq+ ixT, then we can decompose $0 as follows: 

$0 = 5 Wo A Wo + Refio, (2) 

whore cjq and Oq are the standard Kahler form and holomorphic volume form 
on <C^ respectively. 

We can define the simple 14-dimensional exceptional Lie group G2 as the 
stabilizer of (/Jq in GL(7,M), leading us to refer to tpo as the 'G2 3-form' on R^. 
Similarly, the stabilizer of $0 in GL(8, R) is the simple 21-dimensional Lie group 
Spin(7), and we may call $0 the 'Spin(7) 4-form' on R^. Using ipo and $0 we 
can now define general G2 and Spin(7) structures. 

Definition 2.2 Let X be an oriented 7-manifold. We say that a 3-form ip 
on X is positive if, for all x G X, = for some orientation-preserving 

isomorphism Lx ■ T^X — > R^. Wc denote the bundle of positive 3-forms A'^T*X. 
A positive 3-form (p on X determines a unique metric g^p on X such that, if 
is the Hodge dual to </? with respect to and ^r? is the Euclidean metric on 
R^, the triple {ip,*'fi,g,p) is identified with {ipo,*>fio,gm) at each point. Hence, 
we may call a choice of € C°°{A^T*X) a G2 structure on X. 

Definition 2.3 Let Y be an oriented 8-manifold. We say that a 4-form $ on 
Y is positive if, for all y G Y, = l*{^o) for some orientation-preserving 
isomorphism Ly : TyY R^. We denote the bundle of positive 4-forms A'^T*Y. 
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A positive 4- form <J> determines a unique metric g$ on Y such that, if ^rs is 
the EucUdean metric on E®, the pair ($,g$) is identified with ($0:ffR8) at each 
point. A choice of $ e C°°{A\T*Y) is thus cahed a Spin(7) structure on Y. 

Since G2 is the automorphism group of the octonions O, there is a natural 
connection between the G2 and Spin(7) forms and certain structures on O. The 
imaginary octonions are endowed with a cross product structure, which may be 
extended to a skew-symmetric product on O, and one may further define triple 
and fourfold cross products on O. We may identify IniO with so that for all 
vectors x,y,z € M7 , 

ipQ{x,y,z) = gR7{x X y,z). 
Moreover, we may identify O with so that for vectors x, y,z,w ^M.^, 

^Q{x,y,z,w) ^ gK8{x X y X z,w). 

These observations lead us to make the following definition. 

Definition 2.4 Let X be an oriented 7-manifold with a G2 structure (p. In the 
notation of Definition 12.21 we define a cross product on X via the equation 

(p{x,y,z) = g^{x X y,z) 

for x,y,ze C°°{TX). 

If Y is an oriented 8-nianifold with a Spin(7) structure we may similarly 
define a triple cross product on Y by: 

y, z,w) = g^{x X y X z, w), 

where x, y, z,w Cz C°°{TY) and 5$ is given in Definition 12.31 

Remarks 

(a) This relationship between G2 structures and cross products allows us to 
deduce from [22] Corollary 3.3] that a 7-manifold admits a G2 structure 
if and only if it is oriented and spin. 

(b) By [23;, Theorem 3.4], the obstructions to the existence of a Spin(7) struc- 
ture on Y are not only given by the first two Stiefel- Whitney classes, but 
also by a certain combination of Euler and Pontryagin classes in (Y, Z) . 

We can distinguish certain G2 structures as follows. 

Definition 2.5 Let X be an oriented 7-manifold with a G2 structure (p. We say 
that ip is nearly parallel if dtp — AX^ip and d^ip = for some constant A 7^ 0, and 
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we call {X, if) a nearly G2 manifold. If ip is closed and coclosed (i.e. if A = 0), 
we say that the G2 structure is torsion-free and {X, ip) is a G2 manifold. 

Remarks 

(a) By j39l Lemma 11.5], if defines a torsion- free G2 structure if and only if 
the holonomy of g^p is contained in G2. 

(b) A nearly parallel G2 structure (p can always be rescaled such that A = 1. 
We shall therefore assume from now on that ip is chosen in this way. 

We now define the G2 structure on 5^. 

Definition 2.6 Write \ {0} = M+ x 5^ with r the coordinate on M+. Then, 
since $0 is self-dual, we may define a 3-form on 5^ via the formula 

<^o\(r,p} ^r^dr Aip\p + r^*(p\p, (3) 

where * here denotes the usual Hodge star on iS*". Moreover, the fact that 
d$o = implies that dp = 4:*(p and d*p — 0. Since $0 is a positive 4-form on 
it follows that (/? is a positive 3-form on 5^ and g^p given in Definition 12.21 is 
the round metric on 5^. Thus, {S"^ , ip) is a nearly G2 manifold. 

We may also define a contact structure on 5^ using its relationship with C^. 

Definition 2.7 Consider M+ x 5^ = M** \ {0} ^C^\ {0}, with r the coordinate 
on R+, and let ujq be the usual Kahler form on C^. Since uo is a real 2-form 
and dujQ = 0, there exists a 1-form 7 on 5^" such that 

^o\{r,p) ^rdr Aj\p + ^r'^djlp. (4) 

Since Wg 7^ we see that 7 A (d7)'^ 7^ 0, so 7 defines a contact structure on 5^. 

Remark One definition of a contact manifold is that the cone on it is symplec- 
tic: this is the content of Definition 12.71 in the special case of iS*". 

As an aside we remark that, just as the Spin(7) structure on induces a 
G2 structure on 5^, the G2 structure on induces an SU(3) structure on S^. 
In fact, inherits a nearly Kahler structure from R''. We do not discuss this 
structure fully as it is not necessary, but we define the almost symplectic and 
almost complex structures that iS^ inherits from its embedding in R''. 
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Definition 2.8 Write \ {0} = R+ x 5^ with r the coordinate on R+. Since 
dipo = 0, tlicre exists a 2-forni uj on sucli tliat 

<y5o|(r,p) = r^dr A u\p + ^ r^duj\p. 

Since ipo is positive, w is non-degenerate but not closed. If g^s is the round 
metric on , we can define an almost complex structure J on via the formula 
g^el Ju, v) — Lo{u, v) for tangent vectors u and v. 

We say that an oriented surface E in is a pseudoholomorphic curve if 
w|e = vols or, equivalently, if J(TcrS) — T^'S, for all a G E. We say that an 
oriented 3-dimensional submanifold L of is Lagrangian if wji = 0. 

We shall now make some general observations about nearly G2 manifolds for 
interest. We begin by defining Spin(7) manifolds. 

Definition 2.9 Let Y be an oriented 8-manifold with a Spin(7) structure $. 
We say that the Spin(7) structure is torsion-free if d<l> ~ and, in this case, we 
call {Y, $) a Spin(7) manifold. 

Remark By [321 Lemma 12.4], $ defines a torsion-free Spin(7) structure if and 
only if the holonomy of g^ is contained in Spin(7). 

As we have already seen, a simple way to see the relationship between various 
geometries is via cones, so we make the following convenient definition. 

Definition 2.10 Given a Riemannian manifold {M,g) we define the Rieman- 
nian cone on M to be {CM, gen) where CM — M+ x M and gcM = dr'^ +T^g, 
with r the coordinate on M+. 

We then make the following observation. 

Lemma 2.11 If X is a nearly G2 manifold, CX is a Spin(7) manifold. Con- 
versely, if {X,gx) is a Riemannian 7-manifold and CX is a Spin(7) manifold 
then there exists a nearly parallel G2 structure ip on X such that gx = g^p • 

Proof. By [H Theorem 5], CX is a Spin(7) manifold if and only if X possesses 
a Killing spinor ip such that Wyi/j = —^v-ip for all tangent vector fields v. 
Further, by [501 Proposition 3.12], such a Killing spinor exists on X if and only 
if there is a nearly parallel G2 structure on X whose associated metric is gx- D 

Nearly parallel G2 structures are discussed in some detail in |5D] and many 
examples are given. In particular, they include some familiar structures which 
we now recall. 
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Definition 2.12 A Riemannian manifold AI is Sasakian if and only if CM is 
Kahler. A Sasakian manifold is Sasaki-Einstein if CM is Ricci-flat, and it is 
3-Sasakian if CM is hyperkahler. 

It is well-known that Spin (7) metrics are Ricci-flat. Furthermore, Ricci-flat 
Kahler and hyperkahler 8-manifolds are examples of Spin(7) manifolds. Thus, 
we have the following. 

Lemma 2.13 Sasaki-Einstein and 3-Sasakian 7-manifolds are both examples 
of nearly G2 manifolds. 

Motivated by connections with work in high energy theoretical physics, infinite 
families of explicit Sasaki-Einstein manifolds M^""*"^ are constructed in [21] for 
all n > 2. Thus, there is a wealth of concrete examples of nearly G2 manifolds. 

We conclude this section with a result concerning the generality of nearly 
parallel G2 structures. 

Lemma 2.14 Nearly parallel G2 structures enjoy the same local generality as 
torsion-free G2 structures; namely, they locally depend on 6 functions of 6 vari- 
ables up to diffeomorphism. 

Proof. In |8l Proposition 2] , Bryant studied an exterior differential system defin- 
ing the torsion-free G2 structures and showed that it was involutive with cer- 
tain characters. From this, Bryant was able to describe the local generality 
of torsion-free G2 structures, up to diffeomorphism. Using similar calculations 
we are able to show that the corresponding exterior differential system defining 
nearly parallel G2 structures is involutive with the same characters. □ 

Remarks One should take results like Lemma r2. 141 with a pinch of salt: it only 
proves the local existence of many nearly parallel G2 structures. The analogue 
of Lemma 12.141 in 6 dimensions, namely that nearly Kahler structures on 6- 
manifolds have the same local generality as Calabi-Yau structures on complex 3- 
manifolds, currently appears to be misleading, given the large number of Calabi- 
Yau 3-folds versus the handful of known examples of nearly Kahler 6-manifolds. 

3 Associative submanifolds of 

In this section we define and discuss our primary objects of interest. 
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Definition 3.1 Let X be an oriented 7-manifold with a G2 structure tp. Using 
the notation of Definition 12. 2[ define a vector- valued 3-forni % on X via the 
formula 



for vector fields x,y,z,w on X. 

(a) An oriented 3- fold ^ in X is associative if (^Ia = vol^. Equivalently, A is 
associative if xU = ^-^id v\a > 0. 

(b) An oriented 4- fold iV in X is coassociative if *ip\n — vol at. Equivalently, 
N is coassociative ii ip\n = and *(p\n > 0. 

Remarks Since the orthogonal complement of an associative 3-plane in M7 is a 
coassociative 4-plane, one can equivalently define an oriented 3-fold A in {X, ip) 
to be associative if </? vanishes on the normal bundle of A. This characterisation 
shows that the apparently overdetermined system of equations given by the 
vanishing of x is in fact determined. Though this property makes this alternative 
definition more attractive, it is not standard and we elect not to adopt it here. 

We make an elementary observation. 

Lemma 3.2 There are no coassociative submanifolds of a nearly G2 manifold. 

Proof. Suppose A'^ is coassociative in a nearly G2 manifold (A, ip). Then ip\N = 
implies that dip\N = 0. However, dip = A*p, so *p\n = 0, yielding our required 
contradiction. □ 

We may define distinguished submanifolds of a manifold with a Spin(7) 
structure as follows. 

Definition 3.3 Let Y be an oriented 8-manifold with a Spin(7) structure $. 
An oriented 4- fold A^ in F is Cayley if $|jv = vol^r. 

We can alternatively characterise Cayley 4-folds as the 4-dimensional subman- 
ifolds of Y on which a certain vector-valued 4-form r vanishes. This 4-form 
arises from the imaginary part of the fourfold cross product on the octonions. 
We describe r in the special case when F = M*^. 
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Definition 3.4 Use the notation of Definition 12.11 Define a vector-valued 4- 
form T on such that, if Tj is the component of r in the direction then: 



Ti = dxa2A7 + d.To256 + da;o346 - da;o357 + dxi246 - dxi257 - da;i347 " da;i356; 

T2 = - da;oi47 - d.Xoi56 - da::o345 - da;o367 - da;i245 - dxi267 - da;2347 - da;2356; 

r3 = - da;oi46 + da;oi57 + da;o245 + da;o267 - da;i345 - da;i367 - da;2346 + da;2357; 

Ti = da;oi27 + da;oi36 - da;o235 - da;o567 - dxi234 - da;i467 + dx2457 + da;3456; 

T5 da;oi26 - da;oi37 + da;o234 + da;o467 - da::i235 - dxi567 + da;2456 - da;3457; 

re - da;oi25 - da;oi34 - da;o237 - da;o457 - da;i236 - dxi456 - da;2567 - da;3467; 

T7 = - da;oi24 + da::oi35 + da::o236 + da;o456 - da;i237 - da;i457 - dx2467 + dx3567- 

The forms Tj correspond to the components of the fourfold cross product on O 
discussed in [25l Appendix IV. B]. Thus, by [25l Corollary IV. 1.29], we have that 
an oriented 4- fold N in is Cay ley if and only if j^v = for j = 1, . . . , 7 (up 
to a choice of orientation so that ^oIat = tqIat > 0). 

If we identify with as in Definition 12. II we see that: 



In particular, we can confirm that wqIat = and Imr^olAr = force Tj\iq = for 
= 1, . . . , 7; i.e. if N is special Lagrangian in then it is Cayley in R^. 

We now give our first basic result concerning associative submanifolds of 5^. 

Lemma 3.5 Let X be a nearly G2 manifold and recall Definition \2.1(A A ^- 
dimensional cone N ~ R+ x A in CX is Cayley if and only if A is associative 
in X . In particular, the link of a Cayley cone in R^ is associative in S"^ . 

Proof. We show this when X = , but the general case is similar. By Definition 
13.31 N is a Cayley cone in R® if and only if <I>o|Ar = voW, where $0 is given in 
Definition 12.11 By ([3]), ^o\n ~ vol at if and only if (p\a = voIa, where ip is the 
G2 structure on 5^. The result follows from Definition 13. II □ 

From Lemma 13.51 we may deduce the following. 



To = $0; 



n = Imf^o; 

T2 + i73 i(dzi A dz2 
74 + «T5 = i{dzi A dz3 
tq + iTj = i(dzi A dz4 



dz3 A dzi) A loq; 
dz4 A dz2 ) A Wo ; 
dz2 A dz3 ) Aloq. 
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Corollary 3.6 Associative submanifolds of 5^ are minimal and real analytic 
wherever they are non-singular. 

Proof. This is immediate from the fact that Cayley 4-folds in have these 
properties by g5] Theorem 11.4.2] and [H Theorem 12.4.3]. □ 

Given the real analyticity of associative 3- folds in 5^, we can apply the 
Cartan-Kahler Theorem as in 25, Theorem IV. 4.1] to prove the following. 

Proposition 3.7 Let S be an oriented real analytic surface in 5^. There locally 
exists a locally unique associative 3- fold in 5^ containing S . 

We deduce that associative 3-folds in 5^ locally depend on 4 functions of 2 
variables, in the sense of exterior differential systems. 

Using the relationship between Cayley geometry and other geometries we can 
give some examples of associative 3-folds in 5^. We begin with the following. 

Proposition 3.8 Decompose = R0 R'^ and recall Definition \2.8\ 

(a) Let S be an oriented surface in and let 

A = {(cost, o- sin t) e R ® R^ : cr € E, t G (0, tt)} C S"^ . 

Then A is an associative 3-fold in S'^ if and only if 'S is a pseudoholomor- 
phic curve in . 

(b) Let L be an oriented 3-dimensional submanifold of and let A = {0} x 
L C_ S'^ . Then A is an associative 3-fold in S"^ if and only if L is a 
Lagrangian submanifold of . 

Proof Let C be a 4-dimensional submanifold in R*^ = R® R^. Then C = R x 
is Cayley if and only if N is associative in R^ by ([Ij and Definitions 13. If a) 
and 13.31 Similarly, C = {0} x iV is Cayley if and only if N is coassociative 
in R^ by ([T]) and Definitions I3.1f b) and 13.31 Finally, we note that a cone N 
in R^ is either associative or coassociative if and only if the link of N in is 
either a pseudoholomorphic curve or a Lagrangian submanifold respectively by 
Definitions [2^ and O □ 

Many examples of pseudoholomorphic curves and Lagrangians in are 
known (see, for example, 0] and [33]), thus providing examples of associative 
3-folds in 5^. Pseudoholomorphic curves in depend locally on 4 functions of 
1 variable, whilst Lagrangians in depend on 2 functions of 2 variables. This 
suggests that the generic associative 3-fold in 5^ is not constructed purely from 
these submanifolds of . 
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Proposition 3.9 Recall the contact structure 7 on S"^ given in Definition \2.7\ 
and that C 5^ is called Legendrian i/ 7^ = 0. A minimal Legendrian 
submanifold of 5^ is associative. 

Proof. Let A be Legendrian in 5^. By the cone CA is Lagrangian in = R*. 
If A is minimal, then CA is minimal and by [26l Proposition 2.5] is, in fact, 
special Lagrangian with phase e'^ in for some constant 9; that is, in the 
notation of Definition 12. 1[ ujo\ca = and Re(e~*^r2o)|cA — vo\ca- By making 
a suitable identification of = M.^ wc can ensure that e*^ = 1, and so CA is 
Cayley in by ([2]) and Definition 13.31 The result follows from Lemma 13.51 □ 

From the proof of Proposition 13. 9[ we have that minimal Legendrian submani- 
folds of 5^ are the links of special Lagrangian cones in C^. Explicit examples of 
such cones in are given in Examples 8.3.5 & 8.3.6]. Moreover, a gluing 
construction is described in |27j . [2 8) which, in particular, yields infinitely many 
topological types of minimal Legendrian, hence associative, submanifolds of 5^. 

We may also connect associative 3-folds in 5^ to complex geometry in the 
following manner. 

Proposition 3.10 Let u : S — > CP'^ be a holomorphic curve. The Hopf fibra- 
tion of S over CP'^ induces a circle bundle C{Yi) over E. Let X : C[Y,) S'^ be 
such that the following diagram commutes: 

s — ^cp3. 

Then x(C(I])) is an associative 3-fold in S . 

Proof. A holomorphic curve in CP^ is the (complex) link of a complex cone in 
C^. Complex surfaces 5* in C"' are Cayley in by ^ and Definition 13.31 since, 
in the notation of Definition 12.11 i wq A wqIs = V0I5 and ilols = 0. The result 
follows from Lemma 15751 □ 

Remark Proposition 13. 101 simplv states that the (real) link in S'^ of a complex 
2-dimensional cone in is associative. 

Holomorphic curves in CP'^ depend locally on 4 functions of 1 variable and 
minimal Legendrian submanifolds of S'^ depend locally on 2 functions of 2 vari- 
ables, so we would again expect that the generic associative 3-fold in S'' does 
not arise from these geometries. 
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Remarks There is some overlap between the examples of associative 3-folds in 
5^ given by Propositions 13.8113. 101 In particular, we have the following. 

(a) A minimal Legendrian surface in a totally geodesic in is a pseu- 
doholomorphic curve, and so defines an associative 3-fold by Proposition 
I3.8f a) which is also minimal Legendrian in 5^. 

(b) A holomorphic curve in a totally geodesic CP^ in CP'^ defines an associative 
3-fold by Proposition 13.101 which lies in a totally geodesic <S^ and so is 
Lagrangian by Proposition 13. 8f b). 

One might ask about the relationship between associative geometry and the 
Hopf fibration ^ 5^ — > 5*, which results from viewing 5^ as the unit sphere 
in H^, where H is the quaternions, and 5^ = HP^. The projection tt{A) of 
an associative 3-fold A in 5^ to 5^ is either a point or a surface. If tt{A) is a 
point, ^ is a totally geodesic S^. If Tr{A) is a surface, then it is equal to the 
projection of A under the fibration 5^ ^ 5^ — > CP'^ — > 5^. Thus A must be the 
Hopf lift of a horizontal holomorphic curve in CP'^. We can view this horizontal 
holomorphic curve as a "twistor lift" of the surface tt{A) in 5^ to CP"^ (c.f. [7]). 

4 The structure equations 

To study associative submanifolds of S"^ we shall think of the 7-sphere as the 
homogeneous space Spin(7)/ G2. Since we are considering 5^ with its G2 struc- 
ture, we may view Spin(7) as the G2 frame bundle over S'^. Therefore, we shall 
need the structure equations of Spin(7). 

We begin by recalling the following result l^, Proposition 1.1]. 

Proposition 4.1 Extend the elements of Spin(7) C End(O) complex linearly 
so that Spin(7) C End(C(8)RO). Using the standard basis of C^SrO to represent 
Endc(C (8)R O) as the 8x8 complex-valued matrices, the Lie algebra spin(7) of 
Spin(7) has the following matrix presentation: 



spin(7) 



/ ip 




[0] 




where 



( 



z 



V 





z 







X 





— X 







13 



This presentation of spin (7) is not currently conducive to the study of asso- 
ciative 3-folds. We thus make the following substitutions: 



1 

^=2 



uJi+ ai+ i{uj2 + 0^2) 
/3| + |% + *(-/3| + |^5) 

uji — ai + i{uj2 — 0^2) 



Kii 



-(31 



^3 



(as -UJ3- 73); 



K21 



= h iPf + Pi) + ^31 = I {Pi + P^) + HPt- Piy^ 



K32 



-hi 



(6) 

(7) 

(8) 
(9) 
(10) 



2 \yi '1^21 < 2 

§72; P^UJs, 

for real numbers LUj , aj ,r]a, 13'=' for j = 1,2,3 and a = 4, 5, 6, 7 such that 

Pi + Pi + Pi = 0, f3!+ Pi - Pi = 0, (11) 

Pl~Pl^Pt^Q. Pl-Pt + Pl = 0. (12) 

We deduce the following. 



Proposition 4.2 Let the index j range from 1 to 3 and the index a range from 
4 to 7. We may write the Lie algebra spin(7) of Spin(7) C GL(8,E) as: 



( 



spin(7) = 



-a; 

\0i\ 



-P^-HvV 

i[a-w]+ + i[7]_ 



7= (7j-) eM3xi(K), 

V={Va) G M4xl(M), 
P = (/3p e M4x3(K), 



Pt + Pl + Pl^O, /3f+/3f ~/3|=0, 
P! - - /3| = 0, pl~ /?! + /3| = 



where [{x y z)'^] is defined in 



[{x y 



[(xyzfU 








— X 


-y 


z 


\ 




X 





z 


y 






y 


— z 





— X 




V 


—z 


-y 


a; 





J 


/ 





— X 


-2/ 








X 





z 








y 


—z 





a; 




V 


z 


y 


—a; 


) 





(13) 



(14) 



14 



and 



V 



(15) 



/ —q —r s 
p s r 
-s p ~q 

r -q -p / 

The notation []± reflects the sphtting of so(4) = A^(R'*)* into positive and 
negative subspaces. The conditions on /3 and the symmetries of { } in (ITSt are 
related to the cross product on Im O defined by ipo given in Definition 12.11 

Let g : Spin(7) — >■ GL(8,R) take Spin(7) to the identity component of the 
Lie subgroup of GL(8,M) with Lie algebra spin(7). Write g = (x e f) where, 
for each p e Spin(7), x(p) e MgxilM), e{p) = (ei 63 e3){p) e MgxslR) and 
f(p) = (f4 f5 fe i7){p) e M8x4(M)- The Maurer-Cartan form (j) = g^Mg takes 
values in spin(7), so it can be written as 



/ 

LU 

V 



(16) 



/5 



-UJ 

for appropriate matrix-valued 1-forms w, 77, a, f3 and 7. Moreover, if x is the 
cross product on 5^ determined by the G2 structure as in Definition 12.41 then 
the symmetries of P given in (fTT|) - (fT2l) can be expressed neatly as 
3 



1=1 



e, x(f/3)j=0 forj = 1,2,3, 



using the obvious notation for components of f/?. 

An associative 3-fold A in 5^ may be lifted to Spin(7) by choosing suitable 
adapted G2 frames on A. It is clear that we may adapt frames such that x, e 
and UJ are identified with a point in A, an orthonormal frame and orthonormal 
coframe for A respectively. We thus recognise f as an orthonormal frame for 
the normal space to A in 5^ and see that ry vanishes on A. 

From dg = gcfi and the Maurer-Cartan equation dcj) + cp A (p ~ , we derive 
the first and second structure equations. 

Proposition 4.3 Let g = (x e f) : Spin(7) — > GL(8,R) as described above. 
Write (j) = g~^dg as in (jl6p such that 4> takes values in spin(7). Recall [\± and 
{ } given in (|13p - (|15[) . The first structure equations of Spin(7) are: 



dx : 

de 

df 



euj + f?7; 

-i^Lo'^ + e[a]+^{p+\{^^})■ 
-W - e(/3 + \blW + ¥{W ^]+ + [7]-). 
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On the adapted frame bundle of an associative 3-fold A in 5^, x ; A — > 5^ 
and {ei, 62, 63, £4, £5, fg, fy} is a local oriented orthonormal basis for TA N A. 
Thus, the first structure equations become: 

dx = ew; (17) 

de = -xtj'^ + e[a] +f/3; (18) 
df--e/3T + if([c,-c.]+ + [7]_). (19) 

Proposition 4.4 Use the notation of Proposition \4.S\ and recall [\± and {} 
given in (|13p - (ll5p . T/ie second structure equations of Spin(7) are: 

dw = -[a] A w + (/3 + \{ri})^ A 77; 
d?7 = + i{77}) A w - i([a - + H-) A 77; 
dH ^^[a]^[a]+u,^UJ^ + + i{r;})T A (/? + i{77}); 

-i([a-c.]+ + [7]_)A(/? + iM); 
i d([a - a;]+ + [7].) ^-\[a- lo]+ A [a - uj]+ - i[7]_ A [7], 

+ 77A77T + (/3 + iM)A(/3+iMr- 
On </ie adapted frame bundle of an associative 3- fold in S'^ , there exists a local 
tensor of functions h = /i^^, = /iJJ ■ , for 1 < j,k < 3 and 4 < a < 7, such that: 



dw = -[a]Aa;; (20) 

/3 = /iw; (21) 

d[a] = ~[a]A[a]+ujALj^ + A(3; (22) 

d/3 = -/3AH-i([a-c^]+ + [7]-)A/3; (23) 



i d([a - ^]+ + [7]-) - - H+ A [a - c.]+ - i[7]_ A [7]- + /3 A /S^. (24) 

We see from and (|20p that [a] defines the Levi-Civita connection of an 
associative 3-fold. Moreover, (IT9t shows that ^{[a — + [7]-) defines the 
induced connection on the normal bundle of A in 5^. 

Notes If we set h = (vq vi V2 V3 vq vi V2 V3) where 

vo = i(x-ie3), vi = i (ei - 262), V2 = ^ (fe - ifs), V3 = i (fr - zf4), 

then h^^dh = -0 takes values in spin(7) as given in Proposition 14. II and may be 
written as 



/ ip 











f) 


K 


e 











-ip 






V 


m 




K 
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where (}, 6, n and p are given by inverting our substitutions ([^- (1101) . Thus, we 
can recover the structure equations for Spin(7) given in [6] from dh = hip and 
dip + ip Alp = 0. This form for the structure equations will be invaluable in 

4.1 The second fundamental form 

The equations (jlSp and (j2ip show that /3 encodes the second fundamental form 
of A, essentially given by the tensor of functions h. We discuss this formally. 

Definition 4.5 Let A be an associative 3-fold in 5^ and use the notation of 
Propositions SJEH The second fundamental form Ua E C°° {S'^T*A; N A) of 
A can be written locally, using summation notation, as 

Ha = hjja ® ujjUJk 

for a tensor of functions h such that /i"^ = h^j, a = 4,5,6,7, j,k = 1,2,3. 
The tensor h is the same tensor that appears in (|2ip and satisfies the further 
symmetry conditions for all j: 

h\, + hl^ + h% = 0; h% + h% - hl^ = 0; (25) 

hi, - h% - h% = 0; hi - h% + h% = 0. (26) 

These symmetry conditions follow from ([TT|) - ([T^ and are equivalent to: 

e, X llA{et,ej) = 

for j = 1, 2, 3, using summation notation and the cross product on 5^. 

Remark The symmetry conditions ([25| - (|26p imply that associative 3-folds in 
iS*" are minimal. This confirms our earlier result in CoroUarv 13.61 

We can interpet (|22p as the Gauss equation for an associative 3-fold A in 
iS'' and l|23p as the Codazzi equation; i.e. (1221) relates the Riemann curvature to 
the second fundamental form Ilyi and psp imposes conditions on the derivative 
of 11^. We can also view p4p as the Ricci equation relating the curvature of 
the normal connection to IIa- In particular, if (5y is the Kronecker delta tensor 
and we use summation notation, the Riemann curvature \Rijki(jJk A uji and the 
curvature of the normal connection ^Ratki^k A cui satisfy: 

R^Jkl=ht,h'^^-ht,h%+S.k6Jl-6uS,k and R^^i ^ h1^h\i - hlhl^. 
To simplify some of our calculations later, we have the following useful result. 
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Proposition 4.6 Let A be an associative 3-fold in 5^. There exist a local 
orthonormal coframing {cji, CJ2, 1^3} for A and framing {£4, £5, fg, fy} for NA 
such that the second fundamental form 11a of A is given by: 

Ua = £4 {2rujl - (r - s)luI - (r + s)ujI + 2{t + w)ujiuj2) 
+ fs ® {vuJi — VUJ2 + 2uu)iijj2 + 4wa;3aji — 2ra;2W3) 
+ fg (8) {uuj\ — UUJ2 — 2vuJiUJ2 + 2rw3CJi — 4woj2^3) 
+ fy (g) ({t - w)uj1 - {t- w)ujI - 2SUJ1UJ2) (27) 

for some local functions r, s, t, u, v, w on A, with r > 0. Moreover, if w = we 
can adapt frames such that v = 0. 

Proof We define the choice of local orthonormal framing {ei, 62, 63, £4, fs, fg, f?} 
for TS'^\a = TA(BNA. Reeah the cross product on 5^ given by Definition!^ 
Let g be the round metric on 5^ and consider the function 

Gi(e,f) = .g(llA(e,e),f) 

for unit tangent vectors e and unit normal vectors f on A. In a neighbourhood 
of each point on A, either Gi has an absolute positive maximum or Gi = 0. 

If Gi has an absolute maximum, define (63, £4) to be where this maximum 
is attained. Set fy = £4 x 63, which is a unit normal vector orthogonal to £4 as 
A is associative. Since (03, £4) is a critical point of Gi, we find that 

5(llA(e3,e),f4) =0 and 5( 11^(63, 63), f) = (28) 

for all tangents vectors e and normal vectors f such that g{e, 63) = ^(f , £4) = 0. 

Any unit tangent vector ei orthogonal to 63 defines the remaining members 
of the framing for TS''\a using the associativity of A, since the final tangent 
direction is given by 62 = 63 x ei and the normal directions can be determined 
by fs = ei X £4 and fg = £7 x ei. Thus, the remaining freedom we have is that of 
S0(2) rotations in the plane bundle of vectors in TA orthogonal to 63. Notice 
that these rotations will result in sympathetic rotations of the plane bundle of 
vectors in NA orthogonal to £4 and £7. Thus, we can choose a unit tangent 
vector ei, and hence complete the frame for TS''\a, such that /123 + = 0. 
Since ^131= ^^3 = and h^^ ~ h^^ ~ hl^ = by ([25]) . we may set 

r^hl,, s^-hl2, t^W^t2 + hli), 

u = /ii2, V = -hl^, w^\hl-^ 
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and deduce the local formula (P7|) for II^i using If, in addition, h^^ = 

2w — 0, we still have the freedom to rotate the plane field defined by ei and 
62, so we can ensure that h^2 — — 0- Notice that r is assumed to be 
non- negative. 

Now suppose that Gi = on a neighbourhood of some point on A, so that 
hjj = for j ~ 1,2,3 and a = 4, 5, 6, 7 locally. Consider the function 

G2(e,e',f)=g(lU(e,e'),f) 

for orthogonal unit tangent vectors e and e' and unit normal vectors f . This 
cannot be zero, unless A is totally geodesic, and so it has an absolute maximum 
at (ei, 62, f4), say. We can now define the remaining elements of our local frame 
by setting 63 = ei x 62 and using the previously mentioned formulae. The fact 
that (ei, 62, ti) is a critical point forces 

5( 11^(63, e), £4) =0 and 5( 11^(61, 62), f) - (29) 

for tangent vectors e orthogonal to 63 and normal vectors f orthogonal to £4. 
We deduce from (P5|) - (P5|) and (^5]) that every term h^^. vanishes except /if 2 = 
hl^ = -hl^ = 2w. □ 

4.2 Reductions of the structure equations 

We now observe that an associative 3-fold in 5^ which arises from the geometry 
of or must have certain symmetries in its structure equations. 

Note In this subsection, and in the remainder of the paper, we will use the 
notation of Propositions 14.3114.41 

Example 4.7 (Products) Suppose that A is an associative 3-fold in S'' con- 
structed from a pseudoholomorphic curve E in as in Proposition l3.8f a). Then 
a frame for TS'^\a may be chosen such that, for some function A, 

ai = \uj2, a2=-XuJu and = jSl = jSl ^ PI = Q. 

The latter condition is equivalent to II^(e3,.) = and implies, by 

that /3| = Pi, Pi = Pf, Pi = -Pi and Pi = -Pf. Here, duj^ = 0, so that ea 

defines the product direction orthogonal to E. 

Example 4.8 (Lagrangians) Suppose that L is a Lagrangian submanifold in 
a totally geodesic in 5^. Then L is associative by Proposition 13. 8f b) and a 



19 



frame for TS''\l may be chosen such that 

j3l^ 01^ Pl^Q and 7 = a - w. 

In this case, fy is the direction orthogonal to the totally geodesic containing 
L, and the equations (ITT]) - (|12I) are equivalent to the statement that 



n 


~Pi 


~pi 


PI 


Pi 


PI 


p\ 


p\ 


PI 



is a symmetric trace-free matrix of 1-forms. 

Example 4.9 (Minimal Legendrians) Suppose that L is a minimal Legen- 
drian submanifold of 5^. Then L is associative by Proposition 13.91 and there is 
a frame for TS''\l such that 

I3l = and 7 = a + w. 

If we define (3l as in (15(1)) . the conditions pT|) -([T ^ correspond to (3l being 
symmetric and trace-free as in Example 14.81 

Example 4.10 (Links of complex cones) Let A be an associative 3- fold 
constructed from a holomorphic curve S in CP'^ as in Proposition 13.101 Then 
there is a choice of frame for T5^|^ such that 

ai^ui, a2=cj2, and /S^ ^ = /3f = = 0. 

As in Example 1121 we see that 11^(63, .) = and = ^J, ^| = /3f = 
and Pi = ~Pi- Here, defines the direction of the circle fibres of A over E. 



5 Homogeneous examples 

In this section we classify the associative 3-folds in 5^ which arise as the orbits 
of closed 3-dimensional Lie subgroups G of Spin(7). This is the analogue of the 
work in |36] on homogeneous (Lagrangian) links in of coassociative cones. 

The most obvious homogeneous associative 3-fold is a totally geodesic 3- 
sphere as in the following example. 

Example 5.1 Let Aq C 5^ be given by 

Aq = {(xo,a;i,a;2,X3,0,0,0,0) € : xl + + xl + xj ^ 1}. 
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Then Aq is an associative 3-sphere in 5^ which is invariant under the action of 
SU{2)^/Z2 by [291 Proposition 12.4.2]. Moreover, Aq is totaUy geodesic, so has 
constant curvature 1. 

We are lead to make the foUowing convenient definition. 

Definition 5.2 We say that an associative 3-fold in 5^ is simple if it is a totally 
geodesic S^. 

By [551 Proposition 12.4.2] we have the following straightforward result. 

Proposition 5.3 Up to rigid motion, Aq given in Example \5.1\ is the unique 
simple associative 3- fold in S"^ . 

Remark Proposition l5.3l shows that not every totally geodesic in 5^ is asso- 
ciative, since the family of all totally geodesic 3-spheres in 5^ is 16-dimensional, 
whereas the associative subfamily is 12-dimensional. 

The subgroup of Spin(7) which fixes a real direction in is isomorphic to 
G2. Therefore, if G acts trivially on an M factor in it arises as a subgroup of 
G2, and so associative G-orbits are Lagrangian in a totally geodesic S^. These 
are then classified by [35] and will be discussed in ^15. 41 so we need only consider 
the case where G acts fully on M^. 

We clearly have a 11(1)"^ subgroup of Spin(7) which acts irreducibly on C"', 
and this is the only U(l)"^ subgroup up to conjugation. Suppose now that G 
is a subgroup of Spin(7) which is isomorphic to SU(2) or S0(3). We have an 
irreducible representation p, of SU(2) on W for i = 3,..., 8. Therefore, the 
possible subgroups G can only have one of the following representations: 



Suppose G corresponds to the representation pa ® ps. Since G C Spin(7) 
and no element of Spin(7) preserves a 3-dimensional subspace of R^, we see that 
the action of G in this case must be reducible, leading to a contradiction. The 
second representation p4 corresponds to the "diagonal" action of SU(2) on 
C^qC^ = and ps corresponds to the induced action of SU(2) on S^C^ ^ 
from the standard action on C^. 

We therefore have the following subgroups to consider. 

(i) U(l)^ acting on as 



PsffiPs; P4©P4; and ps- 



Z3 e'^^z^ 




for 6li,6l2, 6*3,614 G R 

such that 6*1 + 02 + 6*3 + 6*4 



0. 



(31) 



21 



(ii) SU(2) acting on C^* as 









( 


azi 4 


- bz2 


\ 










—bzi - 


f dZ2 






^3 




azs 4 


- bz^ 




V 


Z4 / 




\ 


-bzs - 


f az4 





for a, 6 G C 

such that |ap + |6p = 1. 



(32) 



(iii) SU(2) acting on as 







( 




















V 


Zi ) 


V 



a^zi + \/3a^6z2 + ^/iah'^z^ + b^z^ 
-VSa^zi + a(|a|2 - 2\b\^)z2 + b{2\a\'^ - \b\^)z3 + V^ab^Zi 
Viab^zi - 6(2|a|2 - \b\^)z2 + a{\a\^ - 2\b\^)z3 + ^fZaHz^ 
-¥zx^ V3ab'^Z2 - \f?>a}bz-i 



a^Z4 



(33) 



for a,beC such that [ap + = l. 
5.1 U(l)^ orbits 

Let A be an associative 3-fold which is an orbit of the action given in (l5lT) and 
identify ^ C"' as in Definition 12.11 By considering the Lie algebra associated 
with the group action pip , it is straightforward to see that the tangent space 
to the cone CA on ^ at a point (zi, Z2, z^, Z4) G A is spanned by the vectors: 



Xq = {zi,Z2,Z3,Z4), 

X2 = (0,iz2, 0,-^24), 



Xi = (i2i,0, 0,-iz4), 
X3 = (0,0,«Z3,-iz4). 



Recall the decomposition Clearly ujo{Xj,Xk) = for j,k G {1,2,3} and 
so LdQ A ujq\ca = 0. Thus CA is Cay ley if and only if it is special Lagrangian 
in C''^ by However, the U(l)'^-invariant special Lagrangian 4- folds in C' 
are classified in (551 §nL3.A] and there is a unique (up to rigid motion) U(l)'^- 
invariant, non-planar, special Lagrangian cone in given by 

{(^1,^2,2:3,2:4) e : |zi| \z2\ = l^al = N4I, 

Re(ziZ2-Z324) = 0, Im(ziZ2Z3Z4) > 0}. 

This gives us the following example of an associative 3-fold in S'' . 
Example 5.4 Let Ai C 5^ be given by: 

- {i(e'«^e*«^e'«^e^«^) G : 0i, 02, f?3, ^4 e R 

such that 6'i -f 6*2 -I- 6*3 -I- 6I4 = 
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Then Ai is a minimal Legendrian, hence associative, 3-fold in 5^" which is in- 
variant under the action of U(l)'^ given in ([31]). Moreover, it is straightforward 
to see that Ai is a 3-torus with constant curvature 0. 

We deduce the following result. 

Proposition 5.5 Up to rigid motion, Ai = given in Example \5.4\ is the 
unique, connected, non-simple, IJ{1)^ -invariant associative 3-fold in S"^ , where 
the U(l)^ action is given in pT|) . 

For possible interest we give the second structure equations for Ai . We have 
that the matrices of 1-forms a, (3, ^ are given by: 




( a;2 

^3 



V 










/ 



\ ^3 



Thus, we have that 7 = a + w and 

dwi — duj2 ~ dw3 = 0. 
Moreover, the second fundamental form is given by: 

11^ = 2f4 (g) UJ1UJ2 + 2f5 (g) UJ3UJ1 — 2{q 



Remark Ai is fibred by circles over the U(l) ^-invariant minimal Legendrian 
2-torus in a totally geodesic in 5^. 

5.2 SU(2) orbits 1 

Let A be an associative 3-fold in 5^ invariant under the "diagonal" SU(2) action 
given in p2l) , where we identify = . The following matrices provide a basis 
for the Lie algebra associated with this action: 



f 1 

-1 



V 



\ 

1 
0-10/ 

/ i 

-i 



U2 = 



/ i \ 

i 

i 

V i / 







V 



\ 
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Clearly, [U2,U3] = 2Ui, [Us^Ui] = 2U2 and [Ui,U2] = 2U3. The tangent space 
to A at a point (zi, Z2, z^, Z4) is thus spanned by the vectors 



= (22,-21,24,-2:3), X2 = (122,^21,124,123), X3 = {izi,~iz2,iz3,-iz4). 

By |36[ Lemmas 5.3 & 5.6], using the SU(2) action we can ensure that the metric 
gA on A is given by Aio;^ + X2LJ2 + ^3^3, where the uj form an orthonormal 
coframe for A and Xj — \Xj\'^. However, \Xj\'^ — 1 for all j and so A must be 
totally geodesic. We deduce the following result. 

Proposition 5.6 Any connected associative orbit in S"^ of the SU(2) action 
given in (I32p is simple. 

Note The non-singular Cayley 4-folds which are invariant under the SU(2) 
action given in (|32|) were classified in [33l Theorem 5.3] (and, by other means, 
in [23]). One can use the proofs of these results to deduce Proposition 15. 61 

5.3 SU(2) orbits 2 

Let A be an associative orbit of the action given in (|33p and identify ^ C*. 
The following matrices provide a basis for the associated Lie algebra to ([33|) : 



Ui = 



/ 





V3 













( 





V3i 








\ 









2 







f/2 









2i 










-2 





V3 











2i 





%/3i 




V 








-73 


J 








I 








%/3i 

















/ 3i 

































i 


























U3 








































— i 



























V 








-3i J 













Notice that [[/a, C/3] = 2/7i, [C/3, C/i] = 2C/2 and [t/i, C/2] = 2C/3. 

We see immediately that the tangent space to A at (21, 22, 23, 24) is spanned 
by the vectors: 

Xl = (■\/322, —Vizi + 223, —222 + \/324, ~ViZ3)\ 

X2 = iiV3z2,iV3zi + 2iz3, 2iz2 + iV324, iViz3)] 
X3 = (3«2i, 122, ^iz3, -3124). 

By [36l Lemmas 5.3 & 5.6], we can use the SU(2) action to ensure that the metric 
gA on A is given by AiWi + X2OJ2 + ^3^3^ where {uJi, uj2, 1^3} is an orthonormal 
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coframe for A and 

Ai = = 4(|z2p + l^sH - 4y3Re(ziZ3 + ^2^4) + 3; (34) 
A2 = = 4(|z2|' + ksl') + 4\/3Re(ziZ3 + ^2^4) + 3; (35) 
A3 = |X3p = 8(|zi|2 + |z4n + l, (36) 

using the fact that l^ip + 122^ + |z3p + 124^ = 1. The orthogonahty of Xi, X2 
and Xs forces: 

Z1Z2 — — and Ini(ziZ3 + Z2Z4) — 0. (37) 

Let 

Cl=3|z4|2 + |z3|'-k2p-3|zip; (38) 

C2 = 2V3Z1Z2 + 4z2Z3 + 2V3Z3Z4; (39) 
Cs = 36z^z| - Uzjz^ + 16\/3ziz| + 16%/3z|z4 - 72Z1Z2Z3Z4. (40) 

It is straightforward to see, using the equation ([2]) for $0i that, if CA is the 
cone on A, then 

*0|CA = , ■ VOlcA 

V A1A2A3 

at the point (zi, Z2, Z3, Z4). Thus CA is Cayley if and only if 



VAlA^=|Ci|' + IC2|' + ReC3. (41) 

Recall that the Cayley condition on CA is also given by the vanishing of the 
4-forms Tj , j = 1, . . . , 7, given in Definition 13.41 The vanishing of these forms is 
equivalent to the following equations: 

IniC3=0; (42) 

8(ziZ2 + ^3^4)Cl + 4(^2^4 - 2;iZ3)C2 + 4^3(2? - z|)C2 = 0; (43) 

4(V3z| — V3z| + Z1Z3 — Z2^4)Ci 

-AV3Re{z2Z3 + ziZi)C2 + 8(ziZ2 + 23^4)6 = 0; (44) 
2{3z2Z3 + 5z2^3 + 6ziZ4 — 6ziZ4)(i 

+4(z| - V3z2^4)C2 - 4.(4 - V3ziZ3)C2 = 0. (45) 

We now make a quick observation. 

Lemma 5.7 Let A be an associative orbit through (21,22,2:3,24) e C* of the 
SU(2) action in ([33]), where we identify with M.^ as in Definition \2.1[ Let 
(1,(2,(3 be given by ([38|)-p0l). 
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(a) A is minimal Legendrian in 5^ if and only if Ci = C2 = ImCs = 0. 

(b) A is the link of a complex cone in if and only if (3 — 0. 

Proof. Let luq and fip be the Kahler form and holoniorphic volume form on 
respectively. Then wqIca = if and only if ^1 = (2 =0, and fio | CA = if and 
only if C3 =0. The result follows. □ 

As noted in [321 Remark 5.4], it is possible to permute the using the SU(2) 
action but still preserve the orthogonality of the Xj. Thus the triple (Ai, A2, A3) 
is well-defined up to permutation and determines the metric on A. We now have 
the following lemma. 

Lemma 5.8 Let A C S'^ be a connected, non-simple, associative orbit of the 
SU(2) action given in ([551) . Up to permutation, (Ai, A2, A3) given by ([MI - ipSll is 
either (3,3,9) or (7,7,1). Moreover, the associative 3-folds with (Ai,A2,A3) = 
(3,3,9) are orbits through points (cos0, 0, 0, sin0) for some 9 £ [0, f], and if 
(Ai, A2, A3) — (7, 7, 1) then A is the orbit through (0, 0). 

Proof. Suppose first, for a contradiction, that all of the \j are distinct. Since we 
are free to permute the Aj we may assume that A3 < Ai < A2. From p4l) and 
([351) we see that Re(ziZ3 + Z2Z4) > 0, which means that at least one member 
of each of the pairs (^1,24) and (2:2, -zs) is non-zero. Therefore, by ([371) . there 
must exist some real number ^ such that 

Z2 = ti^Zj^ and Z3 — /izi. 

The fact that Re(ziZ3 -I- Z2Z4) > means that /i > 0. Furthermore, A3 < Ai 
only if /X > V3, using ^ and We deduce from (gSl) that Im(ziZ4) = 0. 

Therefore the equations (|42l) - (l45l) are equivalent to the conditions: 

Im{zf + zj) = 0; 
Im(ziZ4) = 0; 
Zi + z| - /iV3(zi -I- zl) = 0; 
Im ({zf + z'l)ziz^ = 0. 

Since /i > \/3 and (zi, Z4) 7^ (0, 0), we see that there are no solutions to these 
equations and we have reached our required contradiction. 

Suppose now that at least two of the \j are equal. Then we may assume 
that Ai = A2 by our earlier remarks. Therefore from p4p - ([55l) we find that 
Re(ziZ3 -f Z2Z4) = 0. Combining this information with (j37p we have that 

Z1Z2 — z^Zi — and Z1Z3 + Z2Z4 = 0. 
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Thus, 
and 

01Z2Z3Z4 = |zip|z2p = -|zip|z3p = 0. 

We deduce that either Z2 = ^3 = or zi = Z4 = 0. Thus the only possible 
triples (Ai, A2, A3) are (3, 3, 9) and (7, 7, 1). 

For the first case, 2:2 = 23 = and •V/A1A2A3 = 9, so the Cayley condition 
(PT|) becomes: 

9 = 9(|zi|2 - |z4|2)2 + 36Re(z2z2). 

Since + |z4p = 1, we see that the Cayley condition is equivalent to 

lm{ziZ4) — 0. Using the SU(2) action in p3p we can ensure that both zi 
and Z4 are real and non- negative, and that zi > 24. Since |zip + |z4p = 1, the 
result for (Ai,A2,A3) = (3,3,9) follows. 

For the second case, zi = Z4 = and VA1A2A3 = 7, so we see from (|4T|) and 
((421) that 

7=(|z2p-|z3n2 + 16|z2nz3p-12Re(z|z32) and Im(z|z2) = 0. 

Therefore Re(z223) — and Im(z2Z3) = ±i. Since |z2p + |z3p = 1 we deduce 
that |z2| = |z3| = and Z3 = ±iz2. The result follows by using the SU(2) 
action in ([33]). □ 

From this lemma we have the following examples of associative 3- folds in 5^. 

Example 5.9 Let A2{9) C 5^ be the orbit of the SU(2) action through 
zb = (cos 0,0,0, sin 6*), for 9 e [0,f]. Then A2[9) is associative and has an 
orthonormal coframe {wi, W27 ^3} such that the induced metric on A2{9) is 3a;^ + 
3cj| + 9iuj|. One sees from the action ((33)) that zg has Z3-stabilizer in SU(2). 
Therefore A2{9) ^ SU(2)/Z3. 

Furthermore, by Lemma |5.7[ A2{9) is the link of a complex cone if and only 
if = and it is minimal Legendrian if and only ii 9 — j. However, rotation in 
the (zi, Z4)-plane commutes with the SU(2) action in (1331) . so all the A2{9) are 
congruent up to rigid motion to A2 — j42(0) which is U(2)-invariant. 

Remark The fact that ^2(0) and ^2(f ) are congruent up to rigid motion is a 
special case of the main result in [3] . 

For possible interest we write down a form for the second structure equations 
describing A2{9) in the special cases 6 = and 9 = j. Recall the matrices of 
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forms a,/3,7 and the structure equations in Proposition 14.41 Here, for 9 = 0, 



UJl 



a 



UJ2 
1 



CJ3 





/ 










2^/3 




^2 







3 













I 








/ 



2wi 

2^2 
1^3 



Thus, we have that 



■ ^3 A Wi, da;3 2aji A 012, 



and the second fundamental form is given by 

2%/3 



IL 



(2f5 ® UJ1LO2 + h® - i^l))- 



We deduce that the components of the Riemann curvature tensor Rijki and 
normal curvature tensor -R^;,^,; are determined by: 



R 



2323 



li ^3131 — Ij 



^1212 



^31 



12 



i? 



1223 



i? 



1332 



0; 



R. 



75kl 



R 



■47kl 



If = J, the second fundamental form, and thus /?, remain the same, but 
a = (-wi,-W2, |a;3)'^ and 7 = (0, 0, | ^3)'^. 
Thus, we deduce that 



dwi 



- - ClI2 A a;3 da;2 



-2lui a 0J2, 



The minimal Legendrian A2{j) was first found in [351 §3.4]. 

Remarks Clearly ^2(0) is the Hopf lift of the Veronese curve in CP^, which is 
the degree 3 CP^ in CP^ given explicitly by 

The minimal Legendrian A2{j) is fibred by oriented geodesic circles over the 
Boruvka sphere in S^, which is a 2-sphere with constant curvature ^ (see [5]). 

Example 5.10 Let A3 C S'' be the orbit of the SU(2) action §^ through 
z = ('^J "71 ' "71 ' '^^^^^ ^3 associative and has an orthonormal coframe 
{cji, W2, W3} such that the metric on A3 is TloI + 7w| + UI3. Since the point z 
has trivial stabilizer under the action ^3 = SU(2). 
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Furthermore, by Lemma 15.71 and the classification of homogeneous Unks of 
complex, coassociative and special Lagrangian cones, we see that ^3 does not 
arise from the complex, Lagrangian or minimal Legendrian geometries. 

Wc now write down the second structure equations for ^3. In this case. 



1 

"=7 



Hence, 



UJ2 
\ 13^3 



/3 



2%/3 



-2w3 
2cj3 

\ UJi -L02 



\ 

-2wi 

2UJ2 

/ 



1 

7=y 



/ 


\ -36a;3 



dwi — 2uj2 A aj3, duj2 — 2a;3 A wi, dio^ = - cji A 0^2, 
and the second fundamental form is given by: 
2V3 



7 



( — 2f4 (g) UJ1LO2 — 4f5 (g) a;3Wi + Af^ ® UJ2UJ3 + fy (g) (o;^ — ujI)) . 



We deduce that the components of the Riemann curvature and normal curvature 
tensor are determined by: 

_ 1 _ 1 _ 

-R2323 — ^7 ^3131 — J11212 — 



3-L 



24 
49^ 



25 






' 49' 


Rzii2 — 


^1223 






R-iQkl 




= 49^-^ 



65fci 



2R 



A7kl 
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(4i(5i2 - 6k25ii). 



We now conclude with the following result. 

Proposition 5.11 Let A he a connected, non-simple, associative 3-fold in S"^ 
which is an orbit of the SU(2) action given in (I33p . Then, up to rigid motion, 
either A — A2 as given in Example \5.9[ or A = A3 as given in Example \5.10l 

Proposition 15. Ill gives an explicit example of an associative 3-fold in S"^ which 
does not arise from other geometries and hence a new example of a Cayley cone. 



Note Combining Propositions 15. 5[ 15.61 and 15.111 leads to Theorem 11.11 



5.4 Lagrangian orbits 

For this subsection, let {ei, . . . , £7} be an orthonormal basis for ImO and iden- 
tify ImO with M7 . By Proposition l3.8f b). the associative 3-folds in 5^ which lie 
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in a totally geodesic are the Lagrangian submanifolds of the nearly Kahler 
6-sphere. The Lagrangian submanifolds in which arise as orbits of closed 
S-dimensional Lie subgroups of G2 were classified in [35] . We therefore have the 
following examples of associative 3-folds in 5^. 

Example 5.12 Let Li C be given by 

Li = j-^ gei<7 + ^ ges : g e (1, £1, £2, £3)r with \q\ = l| . 

By [25l Theorem IV. 3. 2], Li is a Lagrangian Sp(l)-orbit in S^. Moreover, Li is 
invariant under a U(2) subgroup of G2 acting on ImO. 

Example 5.13 Identify R ® = ImO and let L2 C be given by 

L2 = {(0,2i,Z2,^3) e MeC^ : |ziP + |z2p + |z3p = l and zf + z^ + zl^O}. 

Since L2 is the link of an complex cone, it is Lagrangian in S^. In fact, L2 is 
the Hopf lift in of the Veronese curve in CP^, which is the degree 2 CP^ in 
CP^. Moreover, L2 is invariant under an S0(3) subgroup of G2. 

Example 5.14 Identify ImO with the homogeneous harmonic cubics ■H'^(M"^) 
on by: 



s,^^x{2x'-3y'-3z'y, 
£2 H> -Ve^yz; £3 i-> ^ a;(2/^ - z^); 

a/I^ / - 9 9 9\ / . 9 9 9\ 

£4 ^ — io~^^ ~^ ^ — nr " ^ 

The standard S0(3) action on induces an action on ?^^(R'^), hence on ImO. 

Let L3 be the orbit through £2 of this S0(3) action on ImO and let L4 be 
the orbit through Eg. By [36l Theorem 4.3] and observations in (34] Examples 
6.6 & 6.15], L3 = S0(3)/ A4 and L4 ^ S0(3)/ S3 are Lagrangian. Moreover, L3 
has constant curvature t^-. 

io 

Remarks The cubic corresponding to £1 in Example 15 . 141 has S0(2) stabilizer 
under the S0(3) action. Therefore, the SO(3)-orbit through £1 is 2-dimensional. 
It is a linearly full pseudoholomorphic curve in S^, as defined in Definition 12. 8i 
known as the Boriivka sphere (see [5]) and has constant curvature i. 
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Note By Theorem 4.4], the examples given in Examples 15.1 2j|??T^ classify 
the non-totally geodesic homogeneous Lagrangians in up to rigid motion. 
Combining this observation with Proposition I3.8f b) gives Theorem 11.21 

6 Curvature and rigidity 

In this section we begin by classifying the associative 3-folds in 5'' which have 
constant curvature. We then discuss further rigidity results for associative 3- 
folds primarily based on known facts from the study of minimal submanifolds. 

6.1 Constant curvature examples 

To motivate our study, we have a result on associative 3-folds lying in a totally 
geodesic in 5^ that follows from pjj Theorem 2] and j^B] Lemma 2.5]. 

Proposition 6.1 Let A be a connected associative 3-fold in 5^" with constant 
curvature k which lies in a totally geodesic . Then either k = 1 and A is 
simple, or K = Yg and A = L^, given by Example \5.14\ up to rigid motion. 

We now consider the general situation of an associative 3-fold A in 5^ with 
constant curvature k — 1 ^ p^. We assume that p > to avoid the simple case. 

Recall the second structure equations (PD|) -([M 1) and the second fundamental 
form 11^. We apply Proposition which gives us local functions r, s, t, u, v, w 
on A defining 11^. We see that the Gauss equation ((^ is equivalent to the 
following conditions: 



If r = then by jM]), w ^ 0, so gSl) implies that u = v = 0. By ((47l) - (|48l) . 
s"^ + t^ — w'^. It is straightforward to see that there are no solutions to (P^ -(|24 p 
in this case unless s = 0, so we may set 2t — 2w — p. li r 0, (|49|) forces 
t + 3w — and (PB1) - (|T7|) imply that s = 0. If w = then by Proposition 
14.61 we can set w = and see from PB|) - (|^ that — 2r^ and 3r^ = p^. If, 
instead, w ^ 0, then implies that u = v = and are equivalent 

to = Aw^ and 4r^ = p^. 

We conclude that one of the following three cases occurs with curvature 
K = l- p^. 



-r{3r + 2s) 
-r(3r - 2s) 
r^ ~ 2s^ - 2t^ - 2v? - 2v^ 
Auw — Avw = —2r{t 



+ 




(46) 
(47) 
(48) 
(49) 
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(i) Ua = 2pf4 (Ki ^1^2 + Spfs (g) - 2pf6 (g) ^2^3- 

(ii) 11a = ^pf4 <g (2w| -ujf- w|) ± ^pfs (g) {2V2UJ1UJ2 T 21^21^3) ± ^pfe 
{V^iof - %/2w| ± 2W3W1). 

(iii) IIa = ^pf4 (g (2a;| cjj - cjf =F 2wia;2) ± pfs g) (wacji =F ^2^3) + pfe <8) 
(wswi =F ^2^3) T pfy (wi - 0J2) ■ 

It is perhaps unsurprising that these three second fundamental forms turn out to 
be equivalent under transformations of the orthonormal frame for TS'^\a, so we 
need only study case (i). These considerations allow us to prove the following. 

Proposition 6.2 The only possible constant curvatures for an associative 3- 
fold in S"^ are 0, and 1. 

Proof: Let A be a non-simple associative 3-fold with constant curvature k = 
1-/9^. By our earlier observations we may assume that the second fundamental 
form 11^ of A is given locally by (i) above. 

Recall the vectors of 1-forms w, a and 7 given in Propositions 14. 31 1 4.41 There 
exist local functions and c^ , for 1 < j, fc < 3, such that aj = J2k '^jk'^k and 
7j = J2k '^jk'^k- It follows from ([23]) that ajk — Cjk = for j ^ k. Moreover, 
there is a local function A such that Ojj — A and Cjj = 1 — 7A for all j. Thus, 
from (PO)) . (|22p and (1^^ we may deduce the following neat formulae: 

dujj A ujj = 2Acji A 1UJ2 A ^3; (50) 
d(Awj) A u}j = (1 + A^ - /9^)wi A ^2 A uj^; (51) 
d((l - 7X)ujj) A LUj = ((1 - 7Xf - p^)lui A W2 A ^3, (52) 

for all j. From the structure equations pO|) . ((22|) and (l24l) we see that A must 
be constant. Hence, it follows from ([50)) - ((5^ that 

\^+p^ = l and A(16-63A)+/?2 = 1. 

We deduce that either A = or A = i, so that k = A^ is either or t-^. □ 
We then have the following observation. 

Proposition 6.3 For each k G {0, jg, 1} there is a unique connected associative 
3- fold in 5^, up to rigid motion, which has constant curvature k. 

Proof. The result is already known in the simple case k = 1 by Proposition 
15.31 For the other cases, since we may assume that the second fundamental 
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form is locally given as in (i) above, it is elementary to check that the exterior 
differential system on Spin(7) corresponding to the structure equations in each 
case is involutive and its only nonzero Cartan character is sq = 18. Since 
dimSpin(7) = 21, it follows that there is a unique associative 3-fold with a 
given constant curvature up to rigid motion. □ 

Note Combining the results of Propositions 16.1116.31 leads to Theorem 11.31 

6.2 Some rigidity results 

We now present two results which follow from known theorems from the theory 
of minimal submanifolds in spheres. 

Proposition 6.4 Let A be an associative 3-fold A in 5'', let Sa be its scalar 
curvature and let 11a be its second fundamental form. If Sa > 4 or, equivalently, 
I 11a P < 2, then A is totally geodesic. 

Proof. This is immediate from Corollarv l3.6l and ^HT. Theorems 3 & 3']. □ 

Remarks A simple associative 3-fold has scalar curvature 6, so Proposition 
16.41 states that the scalar curvature of an associative 3-fold cannot take values 
in [4,6). Given Theorem 11.31 it is natural to ask whether there are positive 
numbers e and 5 such that if either \Sa\ < e or jSyi — < 6 then either 
A is flat or A has constant curvature j^. There is also the broader question 
of whether the scalar curvature takes discrete values, which may be easier to 
answer in the associative case than for general minimal submanifolds in spheres. 

Proposition 6.5 Let A be an associative 3-fold in 5^ and, for each p E A, let 
Ka{p) be the minimum of the sectional curvatures of A at p. If Ka > ^ then 
A is totally geodesic. 

Proof. By Corollary 13.61 this is an application of the result of [30] . □ 

Remark The result of [14] is that if A C 5® C 5^ is associative (i.e. if A is 
Lagrangian in S^) and Ka > jq then A is totally geodesic. This suggests that 
there is possibly significant room for improvement in Proposition 16. 51 

When trying to classify submanifolds, it is natural to consider the situation 
where the normal bundle of the submanifold is flat, or perhaps only "semi- fiat" 
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when this notion is suitably defined. We now show that these conditions are 
very restrictive in the associative case. We begin with a convenient definition. 

Definition 6.6 Let A be an associative 3-fold in 5^ and recall the vectors w, a 
and 7 of 1-forms given in Propositions 14. 31 1 4.41 Define tensors on A, using 
summation notation, by: 

d[a - uj]ij + [a - uj\im A [a - Lo\mj = \ Rtjki^k A iof, 
dWij + b]im A [7]™^ = i Rijki^k A uji, 

where [] is defined in ([S]). 

Proposition 6.7 An associative 3-fold in 5^ has flat normal bundle if and only 
if it is totally geodesic. 

Proof. We use the notation of Proposition 14.41 and Definition 16.61 and the sum- 
mation convention. By (j24p the components of the curvature tensor i?^;,^,; of 
the normal connection on an associative 3-fold A in 5^ are determined by 
\Rabki^k f\t^i ^ I3j A /3}, where /3° = h'^^Wk by ^ and h^^ are the com- 
ponents of the second fundamental form 11^ as in Definition 14.51 Moreover, 
([M)) allows us to relate Rfjj^i to i?^},^/ as follows: 

^23kl — R^ikl i RlGkh Rsikl ~ -^64fe/ =•= Rblkh R'l2kl — R^Gkl R^Tkl- 

Therefore, if -R^^fc/ ^ ^hen Rf'j^i = 0. However, we may quickly deduce 
from m that = h-.h-^-h-h-, so that R^^^ = 11^ f ■ Thus R+,, = 
implies that Ua = 0,so A is totally geodesic. Conversely, if A is totally geodesic, 
11^ = /3 = 0, so the normal bundle of A is flat by □ 

Wc may also improve the result further as follows. 

Proposition 6.8 In the notation of Definition ] 6. S[ an associative 3-fold in S"^ 
with R^ji^i — is totally geodesic. 

Proof. Let A be an associative 3-fold in S"^ with R^j^.i — 0. Wc choose a local 
frame for TS'^\a as in Proposition l4.6l Then we may explicitly write down 
in terms of the local functions r, s, t, u, v, w as follows: 

^2323 = -^3131 = -3r^ - 4iw, (53) 
-Rr2i2 = + + 2t^ - - 2v^ - 6^(;^ (54) 
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and 



^2113 = 4WW', 



-3112 



'2331 — 



Atu + Asv, 



4(2r - s)w, 



R 



R. 



R 



-3221 



1223 



1332 — 



= -Asu + Atv, 



4(2r + s)w. 



(55) 
(56) 
(57) 



Suppose, for a contradictfon, that r ^ 0. Then at least one of 2r — s and 
2r + s is non-zero, so -oi = by ((57|) . However, this forces r = by (|53p . resulting 
in our required contradiction. 

Suppose now that r = but w ^ 0. Then by (|53p we have that t — 0, and 
from ([55)) - ((57)) we deduce that s — u — v — 0. However, ([5^ then forces w = 0, 
again giving a contradiction. 

Finally, if r = -oi = 0, then ([55]) implies that s — t — Ooiu^v = 0. In 
either case, ([M]) allows us to conclude that all the local functions r, s,t,u,v,w 
vanish identically. Thus H^ — and A is totally geodesic as claimed. □ 

This result suggests that any naive notion of a "semi-flat" normal bundle for 
an associative 3-fold A in 5'' would force A to be totally geodesic as it would 
naturally impose the condition R^ji^i = 0. 

7 Ruled associative 3-folds 

In this section we review the material we require from |19| . which provides the 
classification of associative 3-folds in 5^ that are ruled by oriented geodesic cir- 
cles. The first key idea will be the relationship between ruled associative 3-folds 
and surfaces in the space of oriented geodesic circles in 5^ which are pseudo- 
holomorphic curves with respect to a certain almost complex structure. The 
other major point is that there is a natural connection between these pseudo- 
holomorphic curves and minimal surfaces in . 
We begin by defining our objects of interest. 

Definition 7.1 We say that a 3-dimensional submanifold A of 5^ is ruled if 
there exists a smooth fibration tt : A — > F for some 2-manifold F whose fibres 
are oriented geodesic circles in 5^. 

Remark The associative 3-folds given by Propositions I3.8f a) and 13.101 provide 
clear examples of ruled associative 3-folds. 

Definition 7.2 Let C denote the space of oriented geodesic circles in 5^. Notice 
that C is naturally isomorphic to the Grassmannian of oriented 2-planes in 
simply by sending an oriented 2-plane in to its intersection with 5^. 
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By [lU Proposition 2.1], C = Spin(7)/U(3) and the U(3) structure defines a 
Spin(7)-invariant (non-integrable) almost complex structure Jq onC. We call a 
surface F in C a pseudoholomorphic curve if Jc{TpT) = TpT for all p d T. 

We can also view C as the standard 6-quadric in CP^ by sending an oriented 
basis (a, b) for a geodesic circle in 5^ to [i(a — ih)] E CP^. This identification 
induces the usual integrable complex structure Ic on C. 

Let c : r — > C be a surface in C. Then we may write 

c(p) = (a(p),b(p)) (58) 

where a, b : F — )• 5^ are everywhere orthogonal, and so define an oriented basis 
for a 2-plane in for each p E T. We may therefore associate to F a map 
X : F X [0, 27r) — > 5"^ given by 

q) = a(p) cos q + h{p) sin q. (59) 

Clearly, the image of x is a ruled 3-dimensional submanifold of 5^. We can 
now characterise the associative condition for the image of x in terms of the 
geometry of C by [19, Proposition 2.1]. 

Proposition 7.3 Use the notation of Definition \ 7. 

(a) A pseudoholomorphic curve c : F ^ C as given by (|58|) defines an asso- 
ciative 3-fold in S'^ via x : T x [0, 2n) S'^ as in ([59]). 

(b) Let A be a ruled associative 3-fold in 5^ as in Definition \ 7.1\ Then c : 
F — )• C given by c(p) = Tr^^(p) is a pseudoholomorphic curve. 

We conclude from Proposition 17.31 that ruled associative 3- folds are in one- 
to-one correspondence with pseudoholomorphic curves in C. Hence, they depend 
locally on 10 functions of 1 variable. 

The next key observation is that we have a fibration of C over the 6-sphere. 

Definition 7.4 Let C be as in Definition 17.21 and let c E C. Then since 
C = Spin(7)/ U(3), c may be identified with a coset gU(3) for some g E 
Spin(7), where U(3) is the stabilizer of c in Spin(7). Now, there is a unique 
SU(4) C Spin(7) containing the U(3) stabilizer, so c defines a coset gSU(4) 
in Spin(7)/SU(4). However, SU(4) ^ Spin(6), so Spin(7)/ SU(4) = . Thus, 
we have a CP^ fibration r : C — > 5®. Explicitly, if c has (a, b) as an oriented 
orthonormal basis, then t(c) = a x b, where x is the cross product on R*. 

Definition 17.41 describes a "twistor fibration" of C over in the sense of [35] • 

The fibration t : C ^ allows us to relate pseudoholomorphic curves in C 
to more familiar surfaces by |38[ Theorem 3.5]. 



36 



Proposition 7.5 Use the notation of Definitions \77^ and [77] LetT be a pseu- 
doholomorphic curve in C . 

(a) If t{T) = p G , then T is a holomorphic curve in T~^{p) ^ CP'^. 

(b) Ifr does not lie in any fibre of t, then T(r) is a minimal surface in . 

By Proposition 17.51 the general pseudoholomorphic curve in C projects to a 
minimal surface in under r. Note that minimal surfaces in depend locally 
on 8 functions of 1 variable, whereas pseudoholomorphic curves in C depend on 
10 functions of 1 variable locally. Therefore, we would expect every minimal 
surface in to be the projection of a pseudoholomorphic curve in C. Moreover, 
a general minimal surface should lift to a family of pseudoholomorphic curves in 
C parameterised by 2 functions of 1 variable locally. By [121 Lemma 7.5] one has 
even more: namely, one can construct a family of pseudoholomorphic curves in 
C from a minimal surface in and holomorphic data. We now briefly describe 
the construction. 

Example 7.6 (Ruled examples) Let u : S — 5^ be a minimal surface. The 
normal bundle NT, of E in has a spin structure so let Spin(iVE) be the 
principal spin bundle. This decomposes into positive and negative spin bundles, 
so we denote the associated spinor bundles over E by and Since E has 
a conformal structure, and the positive and negative spinors are interchanged 
by changing the orientation on E, we may focus on the positive spinors and 
define the bundle = §+ T^^'O^E over E. Let A'(E) = ¥{W+), which is a 
holomorphic CP^ bundle over E. 

Recall the notation of Definitions 17.21 and 17.41 It is observed in [19, §7] 
that A'(E) is contained in u*(C). Thus a surface F in A'(E) defines a lift of E 
to C; i.e. a smooth map cr : E — >■ C such that t o cr = u. By |19[ Lemma 
7.5], r is a holomorphic curve in A'(E) if and only if the lift cr : E — )■ C 
is a pseudoholomorphic curve. This pseudoholomorphic curve defines a ruled 
associative 3-fold in 5^ by Proposition 17.3^ a*) . which we denote by yl(E,u,r). 

Thus, given a minimal surface E in 5^, we have a family of ruled associative 
submanifolds of 5^ locally parameterised by a holomorphic function from E to 
CP^, as we expected from our earlier parameter count. 

By [19l Theorem 7.8], we may now classify the ruled associative 3- folds in 
5^ as in Theorem 11.41 which we restate below. 

Theorem 7.7 Let A be a ruled associative 3-fold in 5^ as in Definition \ 7.1\ 
Then either 
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(a) A is given by Provosition \3. 1 ^ or 

(b) A — A(I],u,r) for some minimal surface u : E — > 5^ and holomorphic 
curve r in <-f (E) as in Example \ 7. 6\ 

Note Theorem 17.71 is the natural extension of the main result in ^34j for ruled 
Lagrangian submanifolds of . 

To conclude this section we make some further observations concerning ruled 
associative 3- folds in iS'', though we first give a definition for convenience. 

Definition 7.8 By Proposition 17.31 there is an isomorphism i between the set 
of ruled associative 3- folds in 5^ and the set of pseudoholomorphic curves in C, 
as given in Definition 17.21 Let nj = r o i, where r is given in Definition 17.41 

Proposition 7.9 Let A be a ruled associative 3-fold in 5^ and use the notation 
of Definition \7.8\ 

(a) zu(A) is a point if A is given by Provosition \3.1^ 

(b) ■uj{A) is a minimal surface in a totally geodesic in if A is minimal 
Legendrian in 5^. 

(c) vo{A) is a pseudoholomorphic curve or a point in if A is given by 
Proposition \3.iA 

Proof: Recall the notation of Propositions I4.3ll4.4[ giving x : A — > 5^, e and f 
which define a moving G2 frame for T5^|yi, and matrices of 1-forms a, /3, 7 over 
A. Further, let es define the ruling direction. If x is the cross product on 5^ 
given in Definition 12.41 we let 

u X X es, ti = X X ei, t2 = x x e2, 
ni = X X fg, n2 = X X £5, bi = x x fy, b2 = x x £4. 

From Definitions l7.4l and l7.8[ we see that u defines the immersion of 1x7(^1) in . 
Moreover, using ([T7l) -(fT9 l) . the following structure equations hold on Spin (7): 

du = -ti(a2 - + t2(ai - ^^i) + rvipl + n2/3| + bi/3j + ba/?^; (60) 
dti = u(a2 - <^2) - t2(a3 - W3) + riipl + n2/3f + bi/3[ + bz/S^; (61) 
dt2 = -u(ai - LOi) + ti(a3 - ws) + ni/3| + n^Pl + h^Pl + b2/3|; (62) 



38 



dni 



u/3f - tiPf ~ t2/3| + in2(a3 + + 73) 

+ |bi(ai + - 71) - \\>2{oL2 + W2 + 72); 



(63) 



dn2 



u/3| - tift^ - t2;3| - ini(a3 + + 73) 

- \^\{oL2 +UJ2 -72) - 5b2(ai +uji +71); 



(64) 



dbi 



u/33 - ti/3[ - t2^2 - ini(ai + - 7i) + \n2{a2+uJ2 - I2) 
+ ^b2(a3 + W3 - 73); 



(65) 



db2 



u/Sg - tiPl - t2/32 + 5ni(a2 + ^2 +72) + \^2{ai + uJi +71) 
- ibi(a3 + W3 - 73). 



(66) 



We immediately deduce from ((60)) - (l66l) that the image of u is a point in 
if and only if ai = wi, a2 = ^2 and /^s = /^f = /Sf = Z?! = 0. From Example 
14.101 we see that these conditions are satisfied by the Hopf lift of a holomorphic 
curve in CP'^, from which (a) follows immediately. 

Otherwise, ((60|) - (l66l) are the structure equations for a surface in 5^, where 
ti, t2 are orthogonal unit tangent vectors and rii, n2, bi, b2 are orthogonal unit 
normal vectors. Furthermore, fii — —C12 + ^2 and ^2 — Oi\ — wi define an 
orthonormal coframe for wi^A). Recall Proposition 14.61 Since A is ruled and 
63 is the ruling direction, the local function r in the formula for the second 
fundamental form 11^ given by Proposition 14.61 must vanish. Thus we may 
choose e and f such that 11^ has the following local form: 



Using (pT|) . (15^ and ([57| we may write down the second fundamental form of 
■07 (A) in terms of the normal vectors and orthonormal coframe for vji^A). It is 
straightforward to check that wi^A) is minimal, thus verifying Theorem 17. 7( b) . 

We observe that dbi = 0, so w(^A) is contained in a totally geodesic 5^, 
if and only \i fi\ — 02 — f^, — ^ and 7 = a + w. Part (b) follows from the 
observations in Example 14.91 

For part (c), first notice that if we take a pseudoholomorphic curve S in 
iS^ and construct an associative 3-fold A from it as in Proposition I3.8f a) . then 
vj(^A) = S. By Proposition I3.8f b). an associative 3-fold A lying in a totally 
geodesic is Lagrangian, so it is ruled over a pseudoholomorphic curve in 
or is the Hopf lift of a holomorphic curve in CP^ by [34, Theorem 7.5]. Thus 
'Uj{A) is either a pseudoholomorphic curve or a point as claimed. □ 



11^ = £4 eg) {sijj\ — Sljj\ + 2(t + W)ijj]ljj2^ 




4- fe fX" (itWi — ULo\ — 2vLiJ\L02 — 4WCJ2W3) 

-f fy (g) ((i - w)ujI - (i - w)ujI - 2SUJ1UJ2) ■ 



(67) 
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Remarks 



(a) Though Ai and A3 given in Examples 15.41 and 15.101 are fibered by circles 
over a surface, they are not ruled as the circles are not geodesies in 5^. 
The same is true for Li and L3 given in Examples 15. 121 and 15. 141 

(b) The associative 3-folds A2{0), L2 and L4 given in Examples 15.91 15.131 
and 15.141 are ruled. Moreover, cc(/l2(0)) and w[L2) are each a point, 
w(^2(f )) is the Boruvka sphere in a totally geodesic S'^ in 5^, and 
w{L4) is the linearly full Boruvka sphere <S^(g) in . 

8 Chen's equality 

In the study of submanifolds of manifolds with constant curvature, it has been 
fruitful to analyse those submanifolds satisfying the curvature condition known 
as Chen's equality, particularly in the case when the submanifold is minimal. In 
this section we classify the associative 3-folds in 5^ satisfying Chen's equality. 
We begin by defining the curvature condition we wish to study. 

Definition 8.1 Let A be an associative 3-fold in 5^. Let Sa be the scalar 
curvature of A and let Ka{p) be the minimum of the sectional curvatures of A 
at p. Since A is minimal by Corollarv l3.61 it follows from fl2i Lemma 3.2] that 

5a = \Sa ~Ka<2. 

The curvature condition Sa — 2, introduced in |12| . is known as Chen's equality. 
By [I2I Lemma 3.2], Chen's equality is equivalent to the existence of a non-zero 
tangent vector v on A at each point such that IIa(v, .) = 0, where 11^ is the 
second fundamental form of A. 

The Lagrangian submanifolds of which satisfy Chen's equality are clas- 
sified in [15j . These submanifolds are necessarily associative when embedded 
in S'^ by Proposition 13. Sf b). We now give some further examples of associative 
3-folds in 5^ which satisfy Chen's equality. 

Proposition 8.2 Associative 3-folds given by Propositions \3.8\( a) and \3.10\ sat- 
isfy Chen's equality. 

Proof. The result follows immediately from the observations in Examples 14.71 
and on] and Definition O □ 
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The examples of associative 3-folds in S satisfying Chen's equality given 
by Proposition 18.21 depend locally on 4 functions of 1 variable. However, it 
is a straightforward calculation using exterior differential systems to see that 
associative 3-folds satisfying Chen's equality depend on 6 functions of 1 variable. 
We begin our analysis of these general examples with the following key result. 

Lemma 8.3 An associative 3-fold in iS^ which satisfies Chen's equality is ruled. 

Proof. Let 11^ be the second fundamental form of an associative 3-fold A C S"^ 
satisfying Chen's equality and recall the notation of Propositions 14.3114.41 By 
Definition 18.11 there exists a local unit tangent vector field 63 on A such that 
11^1(63, .) = 0. We thus have that 11^ must locally be of the form: 

11a = f4 (X" is{ujl — UJ2) + 2tLOlU)2) -I- fs (81 {v{lu\ — UJ2) + 2UU}1U}2) 

fg (g) {u{ujI - ujI) - 2VUJ1UJ2) + fy «) {t{ujl - ool) ~ 2swiW2)- (68) 

From (f23| we quickly deduce that the connection forms a\ and a2 on A must 
be linear combinations of wi and i02. Thus, it follows from the first structure 
equations ([T7|) and (|18p given in Proposition 14. 31 that 

dx = 63^3, dei — 0, de2 — and de3 — — xaj3 modulo cji,cj2- 

These equations define circles in A which are geodesies in 5^. Thus, A is ruled 
and 83 defines the direction of the ruling. □ 

Recall that the ruled associative 3-folds depend locally on 10 functions of 1 
variable. Thus, the associative 3-folds satisfying Chen's equality are a distin- 
guished subfamily of the ruled family. By Theorem l7.7l to identify this subfamily 
we need to understand Chen's equality as a condition on minimal surfaces in 
and their lifts to pseudoholomorphic curves in the space C of oriented geodesic 
circles in 5^. 

We begin by identifying the distinguished minimal surfaces in we seek, 
for which we require a definition. 

Definition 8.4 Let S be a surface in and let lis be its second fundamental 
form. The first ellipse of curvature at p € E is given by 

{IIs(v,v) : veTpE, |v| - 1} C iVpE. 

This is an ellipse in the normal space iVpE whenever it is non-degenerate. 

Following |37j , we say that S is isotropic if its first ellipse of curvature is a 
(possibly degenerate) circle at each point. 
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Remarks Recall that if E is a surface in , we may define the third fundamen- 
tal form IIIe e C°°{S^T*E; A^E) by setting IIIs(X, Y, Z) to be the component 
of V X ni;(F, Z) which is orthogonal to TE and the image of lis, where V is 
the Levi-Civita connection on . The second ellipse of curvature at p G E is 
given by 

{IIIs(v,v) : vGTpE, |v| =l}CiVpE. 

A minimal surface whose first and second ellipses of curvature are all circles or 
points is called superminimal. 

Proposition 8.5 Let A he an associative 3-fold in S'^ which satisfies Chen's 
equality and use the notation of Definitions and \S^\ Then ^{A) C is 
either a point or an isotropic minimal surface. 

Proof. Since A satisfies Chen's equality its second fundamental form can be 
written locally as in (|68p . However, we still have freedom to transform the 
orthonormal frame for TS'^\a to set s = t = v = 0. Thus, locally, 

llA^2ui5(S)ujiuj2 + ui(i(»{ujl~ujl). (69) 

We need only consider the case where m{A) = E is a surface by Propositions 
iLHa) and [521 

Recall the proof of Proposition l7.9l From the Codazzi equation ([25)1 and the 
structure equations ((6T|) -([62 |) for E, we calculate the second fundamental form 
of E to be given locally by: 

lis = ni «) {u{nl - nl) - 2vnin2) + na ® {v{nl ~ nj) + 2unin2), 

where fli = —a2 +1^2, ^2 = ai — wi and J7, V are multiples of u determined by 
ai and a2- Thus the first ellipse of curvature of E at a point p is given by: 

{ cos q{U {p)ni(j)) + V{p)n2{p)) + sinq{U{p)n2{p) - V(j))ni{p)) : q G [0,27r)}. 

Since this is clearly a circle or a point for each p the result follows. □ 

Remark A2 given by Example 15.91 satisfies Chen's equality. 

From Propositions 17.51 and 18.51 we see that the pseudoholomorphic curves 
in C corresponding to the associative 3-folds in 5^ satisfying Chen's equality 
must either lie in a fibre of the fibration t : C ^ given in Definition 17.41 or 
project to an isotropic minimal surface under r. In fact, we can describe these 
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pseudoholomorphic curves using the fibration t, but first we must study the 
structure equations for a pseudoholomorphic curve in C. 

Given a pseudoholomorphic curve c : F — > C, we can choose orthogonal 
a, b : r — > 5^ such that c{p) has (a(p),b(p)) as an oriented orthonormal basis 
for each p E T. Define vq = '^{^~ and let v = (vi V2 V3) be a unitary frame 
for r(i'")C|r adapted such that vi spans T^^'^^T, so that V2,V3 are normal to 
r in C. Finally, we can form h = (vq vi V2 V3 vq vi V2 V3). 

Since we can view Spin(7) as a U(3) bundle over C, h^^dh = -0 takes values 
in 5pin(7) as given in Proposition 14. II and may be written as 
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where f), p, 6 and n are 1-forms on Spin(7) taking values in the appropriate 
spaces of matrices as described in Proposition l4. II and [] is defined in Thus, 
dh = Ynj) and d^" + V' A = are the structure equations for the adapted frame 
bundle over F. Moreover, the complex-valued 1-forms given by t) and 9 define 
the almost complex structure Jq on C by declaring a 1-form on C to be a (1, 0)- 
form if its puUback to Spin(7) lies in the subbundlc defined by \]j and 9j. From 
these considerations we can immediately deduce the following result. 

Proposition 8.6 Recall Definition \7.2\ and let T be a pseudoholomorphic curve 
in C. Using the notation above, the first structure equations for the adapted 
frame bundle over F are given by: 

dvQ = ivQp + vf) + v9; (70) 
dv = -vop + VK- vqF + v[6»] , (71) 

where [ ] is defined in ([5]) . The second structure equations for the adapted frame 
bundle over F are given by: 

d[) = -(k- ipid) A (); (72) 
d9 ^ -{K + ipld) A9; (73) 
dK^-KAK + i)Ai)^ + 9aF -[9]A[9], (74) 

where Id is the 3x3 identity matrix. 

We see from ([7^ - ([75|) that the vectors of forms f) and 9 push down to the 
pseudoholomorphic curve F. It is observed in [19l §5] that () and 9 are related 
to the fibration r given in Definition 17.41 in the following manner. 
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Definition 8.7 Use the notation of Definitions 17.21 and 17.41 and Proposition 
18.61 and consider C with its almost complex structure Jc- Let T-L and V be 
the subbundles of T^^'^^C spanned by the vectors on which [) and 9 vanish 
respectively. Then T^^-O^C = H ® V and, by [H Lemma 5.1], t^:H^ t^^S^ 
is an isomorphism, where we consider with the almost complex structure 
described in Definition 12.81 Thus, T-L and V can be viewed as horizontal and 
vertical distributions with respect to the fibration t : C ^ . 

A pseudoholomorphic curve F in C is vertical if 0|r = 0. By [191 Lemma 5.1 
& Corollary 5.3], F is vertical if and only if it lies in a single fibre of r, and may 
be viewed as a holomorphic curve in CP'^. 

A pseudoholomorphic curve F in C is horizontal if [)|r — 0. By |19[ Corollary 
5.3], a horizontal pseudoholomorphic curve is a holomorphic curve with respect 
to the complex structure Iq on C, and is algebraic in the 6-quadric in CP^. 

Wc now define a new family of pseudoholomorphic curves in C. 

Definition 8.8 Recall the notation of Definition 17.21 and Proposition 18.61 Let 
X — \) X 9; i.e. 

Al = f}2 o 6*3 - fl3 o ^2, A2 = fl3 o fl - fll o 6*3, A3 = f)i o 6*2 - fl2 o fl- 

By ([7^ - ((75| . dA = —2k A A, so A pushes down to pseudoholomorphic curves in 
C. We say that a pseudoholomorphic curve F in C is linear if A|r = 0. 

Clearly, horizontal and vertical pseudoholomorphic curves in C are linear. 
Using exterior differential systems, one sees that the linear pseudoholomorphic 
curves depend locally on 6 functions of 1 variable, whereas the horizontal and 
vertical curves depend locally on 4 functions of 1 variable. 

The utility of Definition 18.81 becomes apparent in our next result. 

Proposition 8.9 Recall the notation of Definitions pO| and \8.8\ Associative 
3-folds in S"^ satisfying Chen's equality are in one-to-one correspondence with 
linear pseudoholomorphic curves inC. 

Proof. Recall the notation of Propositions 14.3114.41 and 18.61 

Let A be an associative submanifold of 5^ satisfying Chen's equality. One 
can adapt frames over A so that the second fundamental form 11^ of A has the 
local form as in (l69t . Since A is ruled by Lemma [8.31 A defines a pseudoholo- 
morphic curve F in C as in Proposition l7.3f b). From (|6|)-(l7]) and (|69p we see that 
the vectors of 1-forms f) and 9 appearing in the structure equations ()70|) -([74 |) in 
Proposition im satisfy f) = (f)i,0,0) and 9 = (6*1,0,0). Thus F is linear. 
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Suppose now that F is a linear pseudoholomorphic curve in C and let A be 
the ruled associative 3-fold constructed as in Proposition I7.3r a). We see from 
([n])-([7]), since ry^ — 0, that we have the freedom to adapt frames on F such that 
f)2 + ^2 = f)3 + ^'a = 0. Thus the condition A|r — implies that 

fl,O0i-0,o[)i = (,,o(()i+0i)=O 

on F for j = 2, 3. From ©-([T]) we see that \)i + 9i = uji + iuj2 never vanishes, 
so i}2 = 02 = i}3 — (^3- We deduce that A satisfies Chen's equality from ©-([T]) 
and Definition 18.11 □ 

From Theorem 17.71 and Propositions 18.51 and 18.91 we have the following im- 
mediate corollary. 

Corollary 8.10 Use the notation of Definitions \ 7.^ \ 7.4\ \8.4\ and \8.8l Every 
isotropic minimal surface u : E — > 5^ defines a linear pseudoholomorphic curve 
c : E — > C such that t o c = u. Moreover, every linear pseudoholomorphic curve 
in C is the lift of an isotropic minimal surface in . 

Note Combining Theorem 17. 7[ Proposition 18.91 and Corollary 18.101 we deduce 
Theorem 11.51 

We conclude this section with the following observations. The horizontal 
and vertical pseudoholomorphic curves in C , as remarked in Definition 18.71 can 
be regarded as holomorphic curves and thus admit Weierstrass representations; 
i.e. they can be described using holomorphic data. In contrast, isotropic minimal 
surfaces in include the pseudoholomorphic curves in which do not admit 
a Weierstrass representation. Therefore linear pseudoholomorphic curves in C, 
and thus associative submanifolds in 5^ satisfying Chen's equality, cannot be 
described purely using holomorphic data. 

We also observe that not every lift of an isotropic minimal surface in is 
necessarily linear since the pseudoholomorphic lifts to C of isotropic minimal 
surfaces depend on 8 functions of 1 variable locally, whereas the linear pseudo- 
holomorphic curves only depend on 6 functions of 1 variable. 

9 Isometric embeddings 

In this section we consider the following natural question: if there exists an 
embedding t of a Riemannian 3-manifold {A,gji) in {S'^,g) as an associative 
3-fold such that i*{g) = 5^, is t necessarily unique up to rigid motion? 
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Necessary conditions for l to exist are given by the Gauss, Codazzi and Ricci 
equations (|22]) - (|24I) . Since these impose strong restrictions on gA and the second 
fundamental form of t, we would expect in general that t would be unique up 
to rigid motion. However, we find that if the associative submanifold is ruled^ 
then i need not be unique. We therefore restrict our attention to this situation. 

Recall that ruled associative 3-folds in 5^ are in one-to-one correspondence 
with pseudoholomorphic curves in the space C of oriented geodesic circles in S"^ 
by Proposition 17.31 We gave the second structure equations for the adapted 
frame bundle of a pseudoholomorphic curve F in C in Proposition 18.61 in terms 
of vectors of 1-forms f) — (f)i, f)2, f)2)'^ and 6 = (^i, 02, ^2)"^, a skew-hermitian 
matrix of 1-forms n — {njk) and a real 1-form p — iTrK. We see from ([51)- (|10l) 
that the forms f)i, 0i, p, kh, K22 and K33 depend on the Levi-Civita connection 
of the corresponding ruled associative 3-fold AinS"^ . In contrast, K32 depends on 
components of the normal connection of A which are not necessarily determined 
by the Levi-Civita connection of A, and{)2, O2, i)3, O3 K21 and K31 are determined 
by the second fundamental form of A. 

The structure equations ([7^ - ((71)) are necessary conditions for a pseudoholo- 
morphic embedding satisfying ([7n|) - ([7T|) to exist. Thus, these equations may be 
interpreted as necessary conditions for a ruled associative embedding to exist 
satisfying the structure equations (fT7 | -(fT9 l) . 

We may always adapt frames on a pseudoholomorphic curve so that f)3 = 
^3 — 0. Observe that (Tf^ - lfTH) are invariant under the following transformation: 



for a real constant a. Moreover, if we adapt frames further so that K31 = 0, 
which we are always free to do, then ([7^ - (fM|) are also invariant under 



for some real constant b. 

Thus, given a solution to (l70t - ([74)) . we can potentially construct a two- 
parameter family of solutions with the same choice of 9i, f)i, kh, K22 and K33. 
The parameter a in ([75l) always gives a non-trivial family of solutions unless 
i)2 = O2 = ^21 = K31 = 0, which corresponds to the associative 3-fold A being 
simple. The parameter b in (|76p will also give a non-trivial family of solutions for 
non-zero K32 unless K32 depends on the Levi-Civita connection of A, which will 
occur, for example, if A is Lagrangian (where K32 = ^i) or minimal Legendrian 
(where K32 = — [}l)■ 



(f)2, ^'2, K21, K31) H> e"'(f)2,6'2,K21,t3l) 



(75) 



K32 i~> e^''K32 



(76) 
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We conclude that, given a ruled, non-simple, associative isometric embedding 
of (^,17^1) in 5^, we hope to have at least an 5"'^-family of pseudoholomorphic 
embeddings of a surface F in C which define an iS^-family of ruled associative 
isometric embeddings of {A,gA)- Moreover, the family of isometric associative 
3-folds will be non-congruent if they are not homogeneous because the eigendi- 
rections of the second fundamental form are different by (|6l)- (|10p and ([75)1 . 

The big problem is that the parameter a is only guaranteed to be globally 
defined on the simply connected cover of the surface F. The question of when 
the parameter a is well-defined on surfaces of positive genus is very difhcult 
to answer in general: when F = this is known as the "period problem". 
However, we can of course overcome this difhculty by considering F = 5^. 
In this case, the structure equations ([7^ - ([71)l become necessary and sufhcient 
conditions for the existence of a pseudoholomorphic embedding of F, and thus 
of a ruled associative isometric embedding of {A,gA)- 

Using the well-developed theory of minimal 2-spheres in we have the 
following theorem. 

Theorem 9.1 Every non-totally geodesic minimal in has a horizontal 
pseudoholomorphic lift to C, in the sense of Definition \8.'^ 

Proof. Let E be a non-totally geodesic minimal 2-sphere in S^. By the work 
in [To], E is linearly full in a totally geodesic S^™ for m = 2 or 3 and E 
is superminimal, hence isotropic in the sense of Definition 18.41 An idea due 
to Chern [T^ is to associate to E its so-called directrix curve 5, which is a 
holomorphic curve in CP^™. In fact, S is a totally isotropic curve in CP^™, i.e. if 
^ : S CP2" then (C, 6 = (^', C) = • ■ • = C""^) = 0, where ( , ) denotes 

the complex inner product on CP^™. Thus S defines a curve F in the space 
of totally isotropic m-dimensional subspaces of C^™+^ by sending each point in 
S to the subspace spanned by ^ and its first (m — 1) derivatives at that point. 
Clearly, Hm is contained in a complex Grassmannian and thus in a complex 
projective space. It follows from the work in f2 that Hm = S0(2m + 1)/U(to) 
and that F is a holomorphic curve in Hm which is horizontal with respect to 
the fibration of S0(2to + 1)/U(m) over 5^". 

Thus there is a well-defined horizontal lift, which we also call F, of E to 
C = Spin(7)/ U(3) which is holomorphic with respect to the integrable complex 
structure Ic on C introduced in Definition 17.21 However, by [19j Lemma 5.2 & 
Corollary 5.3], the complex structures Jc and Ic on C agree on the horizontal 
distribution H given in Definition 18. 7[ and so F is pseudoholomorphic with 
respect to Jc. □ 
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We can think of the horizontal pseudoholomorphic Uft to C of a minimal 2-sphere 
in as a "twistor lift" . 

Remark By the work in [5] , [lU] , [H] and [T7] , the proof of Theorem 19.11 can 
be generalised to show that any superminimal surface in has a horizontal 
pseudoholomorphic lift to C. 

From Theorem l9.1l and the discussion proceeding it we have our main result. 

Theorem 9.2 Let u : 5^ ^ 5^ be non-totally geodesic and minimal, and recall 
Example \ 7. 6] and Definition \8. 7\ Let Cr '■ ^ C he a horizontal pseudoholo- 
morphic lift defined by a holomorphic curve V in Xi^S"^) and let A — u, F). 

There is an -family of isometric associative suhmanifolds ofS'^, containing 
A, which satisfy Chen's equality. Moreover, the family consists of non- congruent 
associative suhmanifolds if u : ^ does not have constant curvature. 

Note From Theorem 19. 21 we immediately deduce Theorem ll.6l 

By [21 Corollary 4.14], the area of a minimal 2-sphere S in is always an in- 
teger multiple of 47r. Thus, we can define the degree dy. of S by Area(I]) — Andj: . 
This is the same as the degree of the associated twistor lift: the horizontal pseu- 
doholmorphic curve in C viewed as a holomorphic curve in a complex projective 
space as in [2;. As already observed, by the work of Calabi [TU], a minimal 
2-sphere in 5" must be linearly full in an even-dimensional totally geodesic hy- 
persphere. The main results of [IB] and [31] show that the moduli space of 
minimal 2-spheres of degree d which are full in 5^™ for m = 2 or 3 has di- 
mension 2d -\- vn? . Moreover, by [2 Theorem 6.19], every integer d > 6 is the 
degree of some minimal 2-sphere in , so there is an arbitrarily large moduli 
space of minimal 2-spheres with the same area. These spheres will give rise to 
one-parameter families of isometric associative embeddings by Theorem l9.2l 

Remarks One could attempt to use general results on pseudoholomorphic 
curves to find the expected dimension of the moduli space of pseudoholomorphic 
2-spheres in C. This will essentially reduce to a Chern class calculation which 
should be relatively easy given the structure equations in Proposition l8.6l 

We now study Theorem 19.21 in some special cases. 

Corollary 9.3 Given any non-constant curvature minimal m : 5^, there 

exists an -family of non-congruent isometric minimal Legendrian suhmani- 
folds in S'^ satisfying Chen's inequality which are ruled over . 



48 



Proof. By Proposition ly-Pf b) and its proof, we see that a horizontal hft of a 
minimal in 5* C will define a minimal Legendrian submanifold A of 5'' 
ruled over S^. By Theorem l9.2l we have an iS^-family of isometric associative 3- 
folds containing A. However, since the transformation ([75)1 leaves the conditions 
given in Example 14.91 invariant, this family will consist of minimal Legendrian 
submanifolds. □ 

In a similar manner, using Example 14.81 Proposition l7.9f c) and Theorem l9.2l 
we have the following result. 

Corollary 9.4 Given any non-constant curvature pseudoholomorphic u : 5^ — >■ 
, there exists an -family of non- congruent isometric Lagrangian submani- 
folds in satisfying Chen's equality which are ruled over . 

Remark One can see this result directly from the structure equations for La- 
grangians satisfying Chen's equality given in [331 §6-4]. The Lagrangians are 
tubes of radius ^ in the second normal bundle of the pseudoholomorphic . 

As a final comment, it would be interesting to know whether a minimal 2- 
sphere could be lifted to a pseudoholomorphic curve with K32 ^ independent 
of the Levi-Civita connection. Necessarily such a 2-sphere would have to be 
linearly full in but not pseudoholomorphic. Given this minimal and its 
pseudoholomorphic lift, we would then be able to define a 2-torus family of 
isometric associative embeddings using ([75]) - ([76]) . 
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